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Abstract

Homotopy type theory is a new foundational system of Mathematics, creating a framework of
synthetic Mathematics from a homotopy theoretic point of view. In this thesis, we intend to
develop various homotopy type theoretic notions and results that are needed in proving that there
is no degree one map from the closed orientable genus g surface to the closed orientable genus
h surface when g < h. Among others, we present a cellular homology theory, constructed using
directly the notion of degree of maps on spheres, and we also formalize various statements from the
classical theory of covering spaces, such as the lifting criterion and the classification of subgroups
induced by covering spaces.
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1. Introduction

Homotopy type theory is a new field of Mathematics, arising from the surprising connection between
type theory and homotopy theory. More precisely, this is a relationship between a Martin-Löf
variant of type theory and homotopy-theoretic concepts from algebraic topology, by means of the
identification as paths interpretation (cf. [1], [2] and [3]). This philosophy can be understood in
the following way: one thinks of two objects being “equal” within homotopy type theory as there
being a “path” between them. In the same spirit, types are viewed as the “topological spaces”,
elements of a certain type are “points” in a topological space, and all functions are “continuous“.

As in set-theoretic Mathematics, it is also possible to consider “isomorphisms of types”, which
are called equivalences within homotopy type theory. However, at this stage, we run into the
same issue as in classical Mathematics: equivalence of two types does not imply the respective
types are also equal; even though, in practice, one could work with them as “essentially being”
equal, just as in set theory. Voevodsky’s univalence axiom (cf. [4]) strengthens homotopy type
theory, by enforcing that two equivalent types are also equal, with respect to the “type” of equality
mentioned in the previous paragraph. This is the key difference between homotopy type theory
and set theory. In this way, homotopy type theory can be seen as a new foundational system for
Mathematics (cf. [5]), which is different from set theory in the sense that it is “invariant” under
“equivalence”.

Using these concepts, we can use the type theoretic notions in order to state and prove results
from classical Mathematics, mainly from homotopy theory. In this way, a framework of synthetic
Mathematics is created, in which we work only with type theoretic axioms that capture the “core”
aspects of the theories we develop.

Many classical homotopy-theoretic results have been developed within homotopy type theory:
the homotopy groups of spheres (cf. the work of Brunerie and Licata in [6] and [7]), the Blakers-
Massey connectivity theorem by Hou, Finster, Licata, and Lumsdaine in [8] the Eilenberg-MacLane
spaces by Licata and Finster in [9]. The implementation of many more concepts is described in
the Homotopy Type Theory book, [1].

The focus has also been on translating general algebraic topology statements, not only from
homotopy theory, into homotopy type theory. Examples are the Seifert-van Kampen theorem
(cf. the work of Hou and Shulman in [10]), a synthetic homology theory based on stable homotopy
groups (developed by Graham in [11]) and also the statement and proof of the Hurewicz theorem
(cf. [12], by Christensen and Scoccola).

In this thesis, we aim to continue advancing the “program” of synthetic Mathematics by expanding
the already existing theory of covering spaces (originally introduced by Hou and Harper in [13])
and the cellular homology theory (developed by Hou and Buchholtz in [14]). We do this in the
context of proving the following statement.

Claim 1. If g < h are non-negative integers, then there is no degree 1 map between the closed
orientable genus g surface and the closed orientable genus h surface.

We chose to consider this claim to have a concrete goal to achieve. The reason we chose to
investigate this particular statement is not because of what it attains, but because of the number
of classical (algebraic) topological definitions, notations, and results that must be used in order to
complete its proof (particularly, a homology theory and the theory of covering spaces). We could
have, of course, chosen a different claim to look into. Any other statement, whose proof combs
through a significant number of topological statements, would have served a good purpose for us.

For our purposes, we will present the proof (in classical Mathematics) of Claim 1 later in this
document.

Although Claim 1 was our original purpose for studying (some of) the concepts we will later
present in this thesis, for the sake of completeness, we have also investigated various other ideas
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and classical results from algebraic topology that are not directly related to the proof of this
claim. We have not limited ourselves strictly to the algebraic topological notions that are entirely
connected to the proof of Claim 1.

This has been done in two particular instances. The first occasion was when we investigated the
definition of degree of maps on the n-spheres within homotopy type theory. Even though a “direct”
definition of degree exists for pointed maps (as we will see in Section 5), and although the entire
theory of cellular homology could be, technically, constructed using only pointed maps, we have
chosen to expand this definition and define, at least for the circle, the degree of arbitrary maps.
This “exploration“ was done because we wished to fully develop and use a different homology
theory than the one described in [11], which is very involved and difficult to use in concrete
computations. As we will explain later in the document, we will use the cellular homology theory
developed by Hou and Buchholtz in [14], defined exclusively for CW complexes.

The second instance of our deviation from the concepts related to the proof of Claim 1 was when
we analyzed the theory of covering spaces within homotopy type theory. As we will see in Section
2, using the covering spaces defined by Hou and Harper in [13], we would require only the lifting
criterion and the classification of subgroups of the fundamental group that are induced by covering
spaces in order to proceed with proving Claim 1. However, besides these results, we have also
formalized, within homotopy type theory, the classification of path-connected covering spaces.

One last aspect of homotopy type theory as a new foundational system for Mathematics is that it
allows mathematical proofs to be mechanized and fully checked by a computer, by means of proof
assistants, such as AGDA, Coq or Lean. The main benefit of verifying proofs by means of these proof
assistants is that we then know that the proofs are fully correct and uses only arguments that we
have all agreed are true. This way, we can be certain that wrong proofs are indeed discovered,
even when they seem correct to many mathematicians. Most of our major results that will be
presented in this thesis have been mechanized in the Coq proof assistant, using the HoTT library

(cf. [15]). Table 1 gives an overview of our results and their mechanization status. The respective
files are available at

gitlab.tue.nl/jim-portegies/student-projects/cosmin-manea

Let us now give an overview of the rest of this thesis.

As promised, in Section 2, we sketch a complete proof of Claim 1, and in Section 3, we provide a
quick overview of the definitions and results from homotopy type theory that we will frequently
use throughout this document.

Section 4 is devoted to defining some of the basic classical topological constructions: wedge sums
of spaces and (co)fibers of maps.

These will be used when defining the homotopy type theoretic version of the cellular homology
theory for CW complexes, which will be done in Section 6. We will use the same approach as in
classical Mathematics, by firstly using the notion of degree of maps on the n-spheres, which we
will discuss in Section 5.

Then, in Section 7, we proceed with the definition of the closed orientable genus g surfaces as CW
complexes and computing their homology and cohomology groups.

In Section 8, we continue developing the homotopy type theoretic theory of covering spaces (cf. [13])
and formulate and prove homotopy type theoretic versions of the unique lifting property, the lifting
criterion, the classification of subgroups induced by covering spaces and the classification of path-
connected covering spaces.

Lastly, in Section 9, we conclude with a discussion of the concepts that are still left to be formalized
within homotopy type theory in order to be able to completely finish the proof of the claim we
mentioned before.

https://gitlab.tue.nl/jim-portegies/student-projects/cosmin-manea
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Table 1. The mechanization status of the results of this thesis.

Result (lemma/section) Mechanized using the HoTT library

Theorem 3.7.7 3

Section 5.1 7

Section 5.2 7

Chapter 6 7

Lemma 7.2.1 3

Rest of Chapter 7 7

Section 8.1 7

Section 8.2 7

Theorem 8.3.1 3

Definition 8.3.2 3

Definition 8.3.3 3

Lemma 8.3.4 3

Theorem 8.3.5 3

Lemma 8.3.7 3

Lemma 8.3.8 3

Theorem 8.4.3 3

Lemma 8.4.4 3

Theorem 8.5.1 3

Corollary 8.5.2 3

Theorem 8.5.3 7

For Lemma 7.2.1, the fact that the respective spaces are equivalent has been
mechanized; the fact they are isomorphic as groups remains to be mechanized.
Definitions 8.3.2 and 8.3.3, as well as Lemma 8.3.4, were already fully mech-
anized (cf. [15]).
For Theorem 8.3.1, everything except the last part of the proof (that the defined
function is indeed a lift) has been mechanized.
For Theorem 8.3.5, everything except the base point condition has been mech-
anized.
The proof of Theorem 8.5.3 has only been partially mechanized.
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2. Classical proof of our driving claim

As we previously mentioned, we have chosen to pick a particular goal for this thesis, to guide us
through as many (algebraic) topological concepts as possible (this is Claim 1). In this section, we
give its proof within classical Mathematics. We will then briefly list the key topological concepts
used throughout its proof.

Classical proof of Claim 1. Fix g, h ∈ N with g < h. Denote by Σg the closed orientable genus g
surface.

We start by firstly computing the fundamental group and the homology groups of Σg. We do so
by giving Σg a CW complex structure.

If g = 0, then Σg is just the 2-sphere S2, with a CW complex structure of a single 0-cell and a
single 2-cell, attached completely to the 0-cell. By the Seifert-van Kampen theorem, we then have
that π1(S2) is trivial. The (cellular/simplicial/singular) homology groups with coefficients in Z
are then (cf. [16, Corollary 2.14])

H0(S2) ' Z, H2(S2) ' Z,

and H1(S2) is trivial.

If g > 0, then a usual choice of a CW complex for Σg (cf. [16, Example 2.36]) consists of

• a single 0-cell v.

• 2g 1-cells p0, · · · , pg−1, q0, · · · , qg−1, with both ends attached to v.

• a single 2-cell, attached along the loop

p0 q0 p−1
0 q−1

0 · · · pg−1 qg−1 p−1
g−1 q−1

g−1.

Again, by the Seifert-van Kampen theorem, the fundamental group of Σg is

π1(Σg) ' 〈a0, b0, · · · , ag−1, bg−1 | [a0, b0] · · · [ag−1, bg−1] = 1〉 .

The (cellular/simplicial/singular) homology groups (with coefficients in Z) of the orientable genus
g surface are as follows (cf. [16, Example 2.36]):

H0(Σg) ' H2(Σg) ' Z and H1(Σg) ' Z2g.

An example picture of the 1−skeleton of the orientable genus 2 surface can be seen in Figure 1.
Later in this document (in Section 7), we will see certain differences between the usual, classical
1-skeleton of Σg and the 1-skeleton of Σg in homotopy type theory.

v
p0

q0

p1

q1

Figure 1. The usual 1-skeleton of the closed orientable genus 2 surface in clas-
sical Mathematics.
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We now argue by contradiction: let us assume that a degree 1 map f : Σg → Σh exists. It suffices
to show that this map induces a surjection

f∗ : π1(Σg)→ π1(Σh).

Then, f∗ would further factor through to a surjection between abelianizations

π1(Σg)/[π1(Σg), π1(Σg)]→ π1(Σh)/[π1(Σh), π1(Σh)],

which, by Hurewicz’s theorem (cf. [1, Theorem 2A.1]), would yield a surjection

H1(Σg)→ H1(Σh).

However, H1(Σg) is the free abelian group on 2g generators, and so is a strict subgroup of H1(Σh),
which is the free abelian group on 2h generators. Thus, we would obtain a contradiction.

So, let us show that f∗ is surjective. The idea is to consider the subgroup f∗(π1(Σg)). By covering
spaces theory (cf. [16, Proposition 1.36]), there is a covering space p : M → Σh which induces the
subgroup f∗(π1(Σh)), i.e. for which

p∗(π1(M)) = f∗(π1(Σg)).

Remark also that, as Σh is a closed, orientable 2-manifold, the covering space M is also an
orientable 2-manifold, and we may also assume that M is connected.

By the lifting criterion (cf. [16, Proposition 1.33]), f admits a lift to M . Let us denote the lift by

f̃ .

If the covering space M is finitely-sheeted, then we know that the absolute value of the degree of
p is equal to the number of sheets of the covering space. However, as

f = p ◦ f̃ ,
and as deg(p ◦ f̃) = deg(p) · deg(f̃), we must have that |deg(p)| = 1, and so the covering space M
is the identity covering space of Σh, and the surjectivity of f∗ is directly implied by this.

If the covering space M is infinitely-sheeted, then M is not compact, and so all high-dimensional
homology groups (of dimension at least 2) are trivial (by [16, Proposition 3.29]), implying that
p∗ = 0 in dimensions at least 2, and that

f∗ : H2(Σg)→ H2(Σh),

is the zero map, as f∗ = p∗ ◦ f̃∗. This is a contradiction to the fact that f has degree equal to 1,
and this concludes the proof. �

The key concepts from the above proof are the fundamental groups of the closed orientable genus
g surfaces, together with a homology theory used to define the notion of degree of maps, and the
full force of the theory of covering spaces. In the rest of this document, we will see how the latter
two concepts can be formalized and used within homotopy type theory.

For the results we have obtained, we will constantly emphasize the difference in their formulation
and/or proof between classical, set-theoretic Mathematics (which, concretely, will be the ones
presented by Hatcher in [16]) and homotopy type theoretic (univalent) Mathematics.

We will do so because the classical statements were the main inspiration in the formulation and
proof of all of the results of this paper: the concepts were firstly analyzed in their set-theoretical
definitions and these classical definitions were then attempted to directly be translated within
homotopy type theory. For some of the concepts we will present, this approach was successful,
but for others, many changes were needed to be performed in order for us to be able to attain our
goal.
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3. Background and notations

The purpose of this chapter is to recall the notations and results that we will use throughout the
rest of this thesis.

We will assume that the reader is already familiar with the standard concepts and notations of
homotopy type theory (incl. higher inductive types and homotopy n-types), but also with several
homotopy theory results; these are Chapters 1-8 in [1]. We will also presume familiarity with
algebraic topology, more precisely, with the contents of [16].

Throughout this section, we will briefly overview some of the homotopy type theoretic results and
definitions from [1] that will be the most important for the purpose of this document. From now
on, we will also work under the assumption of the univalence axiom, in a univalent universe U .

3.1. Type families, transport and total spaces

Let us firstly discuss families of types parametrized by some other type, A : U .

Definition 3.1.1. A type family over A is a map

P : A→ U .

The total space of P is the type ∑
z:A

P (z).

For a : A, we refer to P (a) as the fiber of P at a.

Let us consider the following result, which states that paths in A induce functions between the
respective fibers.

Lemma 3.1.2 (Lemma 2.3.1 in [1]). Let P : A→ U be a type family over A. Let x, y : A and let
p : (x =A y). Then, there is a function

transportP (p, ·) : P (x)→ P (y),

defined by path induction as

transportP (reflx, ·) : P (x)→ P (x), transportP (reflx, ·) :≡ IdP (x).

The following functorality properties of transportP can be proven in the same manner, using path
induction.

Lemma 3.1.3 (Lemma 2.3.9 in [1]). Let P : A → U be a type family over A. Consider x, y, z :
A, p : (x =A y) and q : (y =A z). Then, for every u : P (x), we have

transportP
(
q, transportP (p, u)

)
= transportP (p q, u).

Lemma 3.1.4 (Lemma 2.3.11 in [1]). Let P,Q : A→ U be type families over A, and let

f :
∏
z:A

(P (z)→ Q(z)) .

Then, for every x, y : A, for every p : (x =A y) and for every u : P (x),

transportQ(p, fx(u)) =Q(y) fy(transportP (p, u)).

The following result characterizes equality in the total space of a type family by means of equality
in fibers.
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Theorem 3.1.5 (Theorem 2.7.2 in [1]). Let P : A→ U be a type family over A, and let

w,w′ :
∑
z:A

P (z).

Then, (
w =∑

z:A P (z) w
′) ' ∑

p:pr1(w)=pr1(w′)

(
transportP (p,pr2(w)) = pr2(w′)

)
.

We will denote the equivalence from above as

pair=(w,w′) : (w =∑
z:A P (z) w

′)→
∑

p:(pr1(w)=pr1(w′))

(
transportP (p,pr2(w)) = pr2(w′)

)
.

We also have the following result relating the path in the total space to the path between the first
projections.

Lemma 3.1.6. Under the hypothesis of Theorem 3.1.5, for every ` : (w = w′), we have

appr1
(`) = pr1(pair=(w,w′)(`)).

Proof. By path induction, we may assume that w ≡ w′ and that ` ≡ reflw. But then,

pr1 (pair=(w,w)(reflw)) ≡ reflpr1(w),

and

appr1
(reflw) ≡ reflpr1(w),

and so the proof is complete. �

Theorem 3.1.5 also gives us a method of “lifting” paths in A to paths in the total space of the
type family.

Lemma 3.1.7 (Lemma 2.3.2 in [1]). Let P : A → U be a type family over A, let x, y : A and let
p : (x =A y). Then, for each u : P (x), there is a path

lift(p, u) :
(
(x, u) =∑

z:A P (z) (y, transportP (p, u))
)

such that

appr1
(lift(p, u)) = p.

Finally, we present two results regarding the transport map for some particular type families.

Lemma 3.1.8 (Lemma 2.11.2 in [1]). Let A be a type and let a : A. Then, for every x, y : A and
for every p : (x =A y), we have

transports 7→(a=As)(p, q) = q p

and

transports7→(s=Aa)(p, t) = p−1 t,

for all q : (a =A x) and t : (x =A a).

Lemma 3.1.9 (Theorem 2.11.3 in [1]). Let A and B be types, let f, g : A → B and let a, a′ : A.
Then, for all p : (a =A a

′) and for all q : (f(a) =B g(a)), we have

transportx 7→(f(x)=Bg(x))(p, q) =
(
apf (p)

)−1
q apg(p).
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3.2. The n-spheres and suspensions

In this section, we are going to define (in two different ways) the type of the n-sphere, and the
suspension of an arbitrary type and map.

We start with the definition of the circle.

Definition 3.2.1 (Section 6.4 in [1]). The circle S1 is defined as the higher inductive type gener-
ated by the following constructors:

• a point base : S1.

• a path loop : (base = base).

In the same spirit as above, we could define, for n > 0, the n-sphere as the higher inductive type
Sn generated by the following constructors:

• a point base : Sn

• an n-path loopn : Ωn(Sn, base)

where Ωn is the nth iterated loop space, as defined in [1, Definition 2.1.8].

An alternative way to define the n-sphere types is via the suspension of types.

Definition 3.2.2 (Section 6.5 in [1]). Let A be a type. We define the suspension of A as the
higher inductive type ΣA generated by the following constructors:

• two points N,S : ΣA.

• a function merid : A→ (N =ΣA S).

Then, we can define the n-sphere types inductively as

Sn :≡
{

Σ2 if n = 1
ΣSn−1 if n > 1

where 2 is the type of booleans.

Remark that the above two definitions of the n-spheres are equivalent. However, depending on
the context, we will make precise which definition of the n-sphere we will use (in certain cases, it
is convenient to have the base point instead of the suspension).

Now, if we have a map of type A→ B for some types A and B, then this map induces a map in
suspensions, i.e. a map of type ΣA→ ΣB, defined as follows.

Definition 3.2.3. Let A and B be types and let f : A → B. We define the suspension of f as
the map

Σf : ΣA→ ΣB,

defined by induction as

Σf(NA) :≡ NB , Σf(SA) :≡ SB

and for each x : A,

apΣf (meridA(x)) := meridB(f(x)).
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3.3. Homotopy n-types and n-truncations

In this section, we are going to discuss homotopy n-types, for n ≥ −2.

Definition 3.3.1 (Definition 7.1.1 in [1]). For n ≥ −2, we define the predicate is-n-type : U → U
inductively as:

is-n-type(A) :≡


∑
a:A

∏
x:A(a =A x) if n = −2∏

x,y:A is-n′-type(x =A y) if n = n′ + 1

We say that A : U is an n-type if is-n-type(A) is inhabited.

A mere propositions is a (−1)-type and a set is a 0-type.

We also have the fact that the hierarchy of n-types is cumulative.

Theorem 3.3.2 (Theorem 7.1.7 in [1]). If X : U is an n-type for some n ≥ −2, then it is also an
(n+ 1)-type.

We also have the following result about the sigma types and dependent types.

Theorem 3.3.3 (Theorem 7.1.8 in [1]). If A : U is an n-type and if P : A → U is a family of
n-types over A, then the total space of P is an n-type.

Theorem 3.3.4 (Theorem 7.1.9 in [1]). If A : U is a type and if P : A→ U is a family of n-types
over A, then ∏

x:A

P (x)

is an n-type.

Now, we are going to define n-truncations, which are specific ways of creating n-types from an
arbitrary type.

Definition 3.3.5 (Section 7.3 in [1]). Let A be a type and let n ≥ −1. We define ‖A‖n to be the
higher inductive type generated by the following constructors:

• a function ‖ · ‖n : A→ ‖A‖n, called the n-truncation map.

• for each map r : Sn+1 → ‖A‖n, a point h(r) : ‖A‖n, and for each x : Sn+1, a path
r(x) = h(r).

In this case, any definition of the n-sphere can be used. Remark that we are using a different
notation for the n-truncation map than the one in [1]. By [1, Lemma 7.3.1], for each n ≥ −1, the
above constructed type is indeed an n-type.

As we will primarily work with mere propositions and sets, it is convenient to use an alternative
characterization of the (−1) and 0 truncations. If A is a type, we can define the (−1)-truncation
(the propositional truncation) of A, denoted by ‖A‖, as the higher inductive type generated by
the following constructors:

• a map ‖ · ‖ : A→ ‖A‖.

• for each x, y : ‖A‖, an equality x = y.

The 0-truncation of A will then be the higher inductive type ‖A‖0 generated by the constructors:

• a map ‖ · ‖0 → ‖A‖0.

• for each x, y : ‖A‖0, and for each p, q : (x = y) equality p = q.
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We denote by Prop the type of mere propositions and by Set the type of sets.

We have the following universal properties for n-truncations.

Theorem 3.3.6 (Theorem 7.3.2 in [1]). Let A be a type, let n ≥ −1 and let P : ‖A‖n → U be a
family of n-types over ‖A‖n. Then, for every map

g :
∏
a:A

P (‖a‖n) ,

there is a map

f :
∏

x:‖A‖n

P (x)

for which g(a) = f (‖a‖n), for every a : A.

Theorem 3.3.7 (Lemma 7.3.3 in [1]). Let A be a type and let n ≥ −1. Then, for every n-type B,
the map

(‖A‖n → B)→ (A→ B), g 7→ g ◦ ‖ · ‖n
is an equivalence.

We also have the following immediate result.

Corollary 3.3.8 (Corollary 7.3.7 in [1]). If A is an n-type for some n ≥ −1, then the n-truncation
map is an equivalence between A and ‖A‖n.

Now, for a type A and n ≥ −1, we know that for all x, y : A, the type(
‖x‖n+1 =‖A‖n+1

‖y‖n+1‖
)

is an n-type. As such, by Theorem 3.3.7, we can define a map

‖x =A y‖n →
(
‖x‖n+1 =‖A‖n+1

‖y‖n+1‖
)
,

for each x, y : A, defined by stripping the truncation as

‖p‖n 7→ ap‖·‖n+1
(p), (3.3.1)

for p : (x =A y).

In fact, the above map has an additional property.

Theorem 3.3.9 (Theorem 7.3.12 in [1]). Let A be a type, let x, y : A and let n ≥ −1. Then, the
map defined above, in (3.3.1), is an equivalence.

3.4. Mere propositions

In this section, we are going to present several properties of mere propositions.

The first result is about the equivalence of two mere propositions.

Lemma 3.4.1 (Lemma 3.3.3 in [1]). Let P and Q be two mere propositions. Then P ' Q if and
only if the types P → Q and Q→ P are inhabited.

The next statement is about equality in the total space of a family of mere propositions.

Lemma 3.4.2 (Lemma 3.5.1 in [1]). Let A be a type and let P : A→ Prop. Then, for every

u, v :
∑
z:A

P (z),

we have that u = v if and only if pr1(u) = pr1(v).
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The last result, encapsulated by Corollary 3.9.2 from [1], is a technique of reasoning when dealing
with mere propositions, named as the principle of unique choice.

It is useful when we have two types U and V , and we wish to construct a function from ‖U‖ to V
in the case when V may not necessarily be a mere proposition. We will construct a map using a
predicate Q : V → U with contractible total space, which will be used to project an element onto
V .

Lemma 3.4.3 (Principle of unique choice). Let U and V be two types and let

Q : V → U
be a type family over V such that the total space of Q is a mere proposition. Assume that ‖U‖ is
inhabited. If, from an element of u : U we can construct an element of v : V such Q(v), i.e. we
have a map

U →
∑
v:V

Q(v),

then we have a map

‖U‖ →
∑
v:V

Q(v)

and so we have a map ‖U‖ → V . Through this map, a particular element of V may be constructed
from U .

Remark that the above reasoning is not limited only to mere propositions/propositional trunca-
tions. We can replace each propositional truncation with an n-truncation, and each mere propos-
ition with an n-type.

3.5. Pushouts and quotients

There are two particular ways of constructing higher inductive types that will be very significant
in the later sections of this document. These are the pushouts and the quotients of types.

Definition 3.5.1 (Section 6.8 in [1]). Let A,B and C be types, and assume that we have maps

f : C → A and g : C → B.

The pushout of the above types and functions is the higher inductive type A tC B given by the
following constructors:

• a map

inl : A→ A tC B.

• a map

inr : B → A tC B.

• a homotopy

H :
∏
c:C

(
inl(f(c)) = inr(g(c))

)
.

Instead of writing the constructors of the pushout in a list as above, we will denote the pushout
by the following diagram:

C B

A A tC B

g

f
p

inr

inl

We will sometimes omit functions on some of the arrows in the above diagram if they are uniquely
defined or not important for our purposes.
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Definition 3.5.2 (Section 6.10 in [1]). Let A be a set and let R be a relation on A, i.e. a map

R : A×A→ Prop.

The quotient of A by R is then the higher inductive type A/R generated by the following con-
structors:

• a map [·]R : A→ A/R

• for each a, b : A such that R(a, b), an equality [a]R = [b]R.

• for each x, y : A/R and for each p, q : (x = y), an path p = q.

When R is an equivalence relation, we have the following “classical” result.

Lemma 3.5.3 (Lemma 10.1.8 in [1]). Let A be a type and let R : A×A→ Prop be an equivalence
relation. Then, for every x, y : A, we have(

[x]R =A/R [y]R
)
' R(x, y).

3.6. Fundamental group of the circle

In this section, we are going to present the most important definitions and results used in proving
that

π1(S1, base) ' Z
as groups (i.e. the types are equivalent via a map that is also a group homomorphism), where

π1(S1, base) :≡ ‖base = base‖0.

We start by defining the universal covering space of the circle.

Definition 3.6.1 (Definition 8.1.1 in [1]). Define the type family code : S1 → U by induction as

code(base) :≡ Z and apcode(loop) := ua(succ),

where ua is the univalence axiom/map and succ is the succesor function on Z.

This is indeed the universal covering space, as we have the following result.

Lemma 3.6.2 (Lemma 8.1.12 in [1]). The total space of code is contractible.

Then, the next statement holds:

Lemma 3.6.3 (Lemma 8.1.2 in [1]). For every x : Z, we have

transportcode(loop, x) = x+ 1 and transportcode(loop−1, x) = x− 1

This then allows us to conclude the following.

Theorem 3.6.4. The map

Ω(S1, base)→ Z, p 7→ transportcode(p, 0)

is an equivalence, with inverse given by the map

Z→ Ω(S1, base), n 7→ loopn,

where loopn is the n-fold concatenation of loop. The above map of type Ω(S1, base) → Z also
satisfies

transportcode(p q, 0) = transportcode(p, 0) + transportcode(q, 0)

for every p, q : Ω(S1, base), and so it is also a group homomorphism.
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Proof. The fact that the respective map is an equivalence is proven in [1, Theorem 8.1.9]. The proof
that the map is a group homomorphism is fully mechanized in [15], in HoTT.Homotopy.Pi1S1. �

Corollary 3.6.5. π1(S1, base) ' Z as groups.

3.7. Connectedness

Lastly, we are going to discuss about connectedness of types.

Definition 3.7.1 (Section 7.5 in [1]). Let A be a type and let n ≥ −1.We say that A is n-connected
if the type ‖A‖n is contractible.

We will also sometimes say that a type is just connected, which will mean that the respective
type is 0-connected. Similarly, a simply-connected type is a 1-connected type. In a similar way to
classical homotopy theory, an n-connected type is also k-connected for k ≤ n, due to the following
result.

Theorem 3.7.2 (Lemma 7.3.15 in [1]). Let n, k : Z with n, k ≥ −1. Assume that k ≤ n. Then,
for every type A, we have that

‖A‖k ' ‖‖A‖n‖k.

We also have the following result about the connectedness of suspensions.

Theorem 3.7.3 (Theorem 8.2.1 in [1]). Let A be an n-connected type. Then ΣA is (n + 1)-
connected.

Corollary 3.7.4 (Corollary 8.2.2 in [1]). For every n ≥ 1,Sn is (n− 1)-connected.

There is also a concept of connectedness of maps, defined as follows.

Definition 3.7.5 (Definition 7.5.1 in [1]). Let A and B be types and let f : A→ B. For n ≥ −1,
we say that f is n-connected if for every y : B, the type∑

x:A

(f(x) = y)

is n-connected.

The n-truncation map then satisfies the following property.

Theorem 3.7.6 (Corollyar 7.5.8 in [1]). Let A be a type. Then, the n-truncation map

‖ · ‖n : A→ ‖A‖n
is n-connected.

Lastly, we present a result of our own, that will be used later on in this document (especially in
Section 8). This is a way of stripping truncations (similar to Theorem 3.3.7), but it also accounts
for “extra hypotheses”.

Theorem 3.7.7. Let A be a type, let n ≥ −1 and let P : ‖A‖n → U be a family of n-types over
A. Then, there is a map of type

∑
x:‖A‖n

P (x)→

∥∥∥∥∥∥
∑
y:A

P (‖y‖n)

∥∥∥∥∥∥
n
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Proof. We only give a sketch of the proof of this result. This statement has been fully mechanized,
using the HoTT library, in a more general manner (in terms of modalities, cf. [1, Chapter 7.7]).

If we have an element (x;u) for x : ‖A‖n and u : P (x), then, as the n-truncation map is n-connected
(by Theorem 3.7.6), by definition, we have that the type∥∥∥∥∥∥

∑
y:A

P (‖y‖n)

∥∥∥∥∥∥
n

is inhabited. By Theorem 3.3.7, we may strip the truncation around the above type and assume,
without loss of generality, that we have an element (y; v) for y : A and v : P (‖y‖n) . As we have
a witness p : (‖y‖n = x), it then follows that the transport map along p yields an equivalence

P (‖y‖n)→ P (x).

We can then define the element∥∥(y; transportP (p−1, v)
)∥∥
n

:

∥∥∥∥∥∥
∑
y:A

P (‖y‖n)

∥∥∥∥∥∥
n

,

and this completes the proof. �

We can actually show that the map we defined in the above proof is an equivalence, with its inverse
given by the map defined by stripping the truncation (cf. Theorem 3.3.7) as∥∥∥∥∥∥

∑
y:A

P (‖y‖n)

∥∥∥∥∥∥
n

→
∑

x:‖A‖n

P (x), ‖(y;u)‖n 7→ (‖y‖n;u) .

However, we will not require this stronger result.
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4. Wedge sums of types and (co)fibers of functions

In this section, we are going to describe two important constructions of spaces using only pushouts.
These are wedge sums of spaces and (co)fibers of functions.

With respect to classical Mathematics, the cofiber of a function between two topological spaces X
and Y is just the quotient space resulting from collapsing the image of the map in Y to a point.
This is particularly important when the map in question is a “canonical inclusion”, and it is closely
related to a standard property of CW complexes: collapsing the n-skeleton to a point inside the
(n+1)-skeleton of a CW complex yields a space homeomorphic to a wedge sum of (n+1)-spheres.

The latter is property will be proven when defining the cellular boundary formula within the
cellular homology theory of CW complexes, which, as we will mention later, will be the main
homology theory that we will use to pursue complete our goal. We will elaborate on the above in
Section 6.

4.1. Wedge sums of types

In set-theoretic Mathematics, for two topological spaces X and Y with distinguished points x ∈ X
and y ∈ Y , the wedge sum X ∨ Y is defined as the quotient space

(X t Y )/(x ∼ y),

where the above relation is the smallest equivalence relation that identifies x and y. Remark that
the above definition can be extended to an arbitrary number of spaces.

We follow the same idea in homotopy type theory, remarking that we can identify the disjoint
union of an arbitrary number of types with a Σ-type.

Definition 4.1.1 (Defined in Paragraph 2.2 in [14]). Let I be a type and let

X : I → U , i 7→ Xi

be a family of types indexed by I. For each i : I, select a point pointi : Xi. Then, we define the
wedge sum of the spaces (Xi,pointi), denoted by∨

i:I

(Xi,pointi),

as the pushout:

I
∑
i:I Xi

1
∨
i:I

(Xi,pointi)

i 7→
(
i, pointi

)

p

f

g

Denote by

H :
∏
i:I

(f (i,pointi) = g(?))

the respective homotopy from the previous pushout. For each j : I, we can then define the
canonical projection on the jth summand as the map

πj :
∨
i:I

(Xi,pointi)→ Xj

defined by induction as

πj(f(j, x)) :≡ x, πj(f(i, x)) :≡ pointj for other i : I and πj(g(?)) :≡ pointj ,



19

with
apπj

(Hi) := reflpointj

for each i : I.

In the case where we want to work with the wedge sum of exactly two pointed types (A, a) and
(B, b), we can alternatively use an equivalent definition of A ∨B as the pushout

1 A

B A ∨B
p

i

j

(4.1.1)

where the homotopy from the above pushout is just a path p : (i(a) = j(b)) The canonical
projection on A is then defined by induction as

πA : A ∨B → A, πA(i(x)) :≡ x, πA(j(x)) :≡ a
and apπA

(p) := refla. The projection on B is defined similarly.

Lastly, if (B, b) ≡ (A, a), then we can also define the folding map

∇ : A ∨A→ A (4.1.2)

by induction as the identity map on each summand in the wedge sum.

4.2. Fibers and cofibers

Let us now define the cofiber of a map, using the same principle as in classical Mathematics.
In homotopy type theory, however, we will use a pushout in order to “collapse” the image of a
function to a point. As these concepts are closely related, we also define the notion of fiber and
image of a function in the coming definition.

Definition 4.2.1. Let (X,x) and (Y, y) be pointed types and let f : X → Y be a pointed map,
i.e. a map for which f(x) = y. The fiber of f at y is defined as the type

fibf (y) :≡
∑
z:X

(f(z) = y) ,

and the image of f is defined as the predicate

Im(f) : Y → Prop, Im(f)(y) :≡ ‖fibf (y)‖ .

The cofiber of f is defined as the pushout

X Y

1 cofib(f).

f

p

If the map f is understood, in the sense that f is a “canonical inclusion”, then we denote by

Y/X :≡ cofib(f),

indicating that X is a “subspace” of Y and that “the subspace X is collapsed to a point”.
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5. Degree of maps

In this section, we are going to discuss the notion of degree of maps with domain and codomain
equal to Sn for some n > 0. As mention in the Introduction (Section 1), this is the basic concept
when defining the cellular homology theory of a CW complex (more precisely, it is used when
defining the cellular boundary maps).

The classical approach in set-theoretic Mathematics (cf. [16, Chapter 2.2]) is to firstly define
simplicial and singular homology theories, proving that these two theories are isomorphic, and then
defining the degree using the fact that the top-dimensional homology groups of the n-spheres are
isomorphic to Z. Since a map between spheres induces a homomorphism between top-dimensional
homology groups, this is thus just a multiplication by an integer. This particular integer is then
called the degree of the respective map.

Even though a synthetic homology theory has become available within homotopy type theory
(cf. [11]), is it difficult to compute actual homology groups of spaces. We will thus choose a
different approach to define the degree.

In Section 5.1, we firstly present an approach of defining the degree in the case of pointed maps.
Then, in Section 5.2, we define the degree for arbitrary maps on S1 using our own approach with
the principle of unique choice, and in Section 5.3, we present the approach designed by the authors
in [14] in order to construct the degree of maps on the n-spheres, for arbitrary n ≥ 1.

5.1. Degree of pointed maps on Sn

Let us start with defining the degree of maps of type Sn → Sn that are, in addition, pointed.
Recall that, for two pointed types (A, a) and (B, b), a pointed map

f : (A, a)→ (B, b)

is a map f : A → B together with a witness of the equality f(a) = b. More precisely, it is an
element of the type ∑

f :A→B

(f(a) = b).

We denote this latter type as

(A, a) r→ (B, b).

For these particular maps, it will be very easy to define their degree. However, as we will see,
this definition will not be a feasible approach, as, in practice, we will often not be able to use this
approach.

The definition of degree is based on the following theorem:

Theorem 5.1.1. Let A be a type and let a, b : A. If we have p : (a =A b), then, for every n : N
with n ≥ 1, we have

Ωn(A, a) ' Ωn(A, b),

where the above is an isomorphism of pointed types. In our case, this is equivalent to having an
equivalence

Ωn(A, a)→ Ωn(A, b),

which maps refl(n+1)
a to refln+1

b .

Here, Ωn(A, a) is defined as in [1, Definition 2.1.8], and refl(n)
a is defined inductively as

refl(n)
a :≡

{
refla , if n = 1
refl

refl
(n−1)
a

, if n > 1
.
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Proof. We prove this theorem using the induction principle N, i.e. by induction on n.

For the base case, we consider n ≡ 1. Then, we need to show that (a =A a) ' (b =A b). We can
then define a map

(a =A a)→ (b =A b), q 7→ p−1 q p,

Remark that, under the above function, refla is mapped to reflb. This function is also an equival-
ence, with inverse given by the map

(b =A b)→ (a =A a), ` 7→ p ` p−1.

As such, the proof of the base case is finished.

Now for the induction step: assume that, for some n ≥ 1, we have proven that there is an
equivalence

f : Ωn(A, a)→ Ωn(A, b).

for which f : refl(n)
a 7→ refl

(n)
b . We wish to show that

Ωn+1(A, a) ' Ωn+1(A, b).

By the definition of Ωn+1(A, a), this is equivalent to showing that there is an equivalence(
refl(n)

a = refl(n)
a

)
→
(

refl
(n)
b = refl

(n)
b

)
,

which maps refl(n+1)
a to refl

(n+1)
b .

By [1, Theorem 2.11.1], we have that(
refl(n)

a = refl(n)
a

)
'
(
f
(

refl(n)
a

)
= f

(
refl(n)

a

))
,

and the equivalence between the above types is the map apf . Remark that

apf

(
refl(n+1)

a

)
≡ refl

(n+1)

f
(

refl
(n)
a

).

By assumption, we also have a path q :
(
f
(

refl(n)
a

)
= refl

(n)
b

)
. This implies that(

f
(

refl(n)
a

)
= f

(
refl(n)

a

))
'
(

refl
(n)
b = refl

(n)
b

)
via the map (

f
(

refl(n)
a

)
= f

(
refl(n)

a

))
→
(

refl
(n)
b = refl

(n)
b

)
, ` 7→ q−1 ` q.

It is straightforward to see that, under the above map, refl
(n+1)

f
(

refl
(n)
a

) is mapped to refl
(n+1)
b . Hence,

the proof is finished. �

Corollary 5.1.2. Under the hypothesis of Theorem 5.1.1, we have

πn(A, a) ' πn(A, b)

as groups.

Recall that πn(A, a) was defined as

πn(A, a) :≡ π1

(
Ωn−1(A, a), refl(n)

a

)
For n > 1, remark that we could have alternatively (and equivalently) defined

πn(A, a) :≡ ‖Ωn(A, a)‖0 .

Let us now prove the above corollary.
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Proof of Corollary 5.1.2. By the functorality properties of the ap· map, the maps from the proof
of Theorem 5.1.1 clearly induce group homomorphisms between the respective homotopy groups.
Moreover, they are equivalences by construction. �

As such, we can now define the degree function on the type

(Sn, base) r→ (Sn, base),

using the fact that, by Theorem 8.6.17 in [1], Z ' πn(Sn, base), for every n : N with n ≥ 1.

Definition 5.1.3. For a pointed map

f : (Sn, base) r→ (Sn, base),

we have an induced group homomorphism

f∗ : πn(Sn, base)→ πn(Sn, f(base)).

By Theorem 8.6.17 in [1], πn(Sn, base) ' Z, and, by Corollary 5.1.2, we also have

πn(Sn, f(base)) ' Z.
Hence, f∗ induces another group homomorphism

f̃ : Z→ Z.

We define the degree of f as the integer

deg(f) :≡ f̃(1).

While the above is a correct definition of degree, it is not always useful, because it is not “practical”.
Even if the maps we work with are indeed pointed (which does not always happen in practice,
especially when working in an abstract setting), computing the degree currently depends on the
paths we have in the statement and proof of Theorem 5.1.1. This makes writing down an explicit
generator of the group πn(Sn, f(base)) rather difficult.

Because of this, a slightly more feasible approach was developed by the authors in [14, Chapter
5]. We will explain this in Section 5.1.3.

However, in Section 5.2, we firstly present our own approach of defining the degree of arbitrary
maps on S1, using the principle of unique choice.

5.2. Degree of arbitrary maps on S1

We would like to define the degree of maps on S1 as a function

deg : (S1 → S1)→ Z.
This map should also be the “usual winding number of functions” from classical Mathematics.
This means that we would like, for instance, to have deg (IdS1) = 1, but also the fact that the
degree of any constant map is equal to zero.

For a map f : S1 → S1, a natural definition of degree would be to consider the winding number
of the loop apf (loop) : (f(base) = f(base)), as we have done in Definition 5.1.3. This is also
because, by Theorem 3.6.4, we have a notion of “degree” of paths in (base = base), defined as

pathdeg : (base = base)→ Z, pathdeg(p) :≡ transportcode(p, 0),

and this seems a natural definition, as by Lemma 3.6.3,

transportcode(loop, 0) = 1 and transportcode(loop−1, 0) = −1.

Moreover, by Lemma 3.1.3, we have that if p is a concatenation of loop and loop−1, then
pathdeg(p) is equal to the number of times loop appears in p minus the number of times loop−1

appears in p. Hence, if f : S1 → S1 is a function such that f(base) ≡ base then we can define

deg(f) :≡ pathdeg(apf (loop)).
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However, it is possible that we cannot prove that there is a path between f(base) and base

(unlike Section 5.1.3, when we were concretely considering maps for which such a path exists).
Even though S1 is connected within homotopy type theory as well, by Theorem 3.3.9, we only
know that for every x : S1, there merely exists a path between base and x.

Due to this issue, we need to define the degree of general functions on S1 using a different method.
Our approach will use the principle of unique choice (Lemma 3.4.3).

In order to use this principle of unique choice, we firstly need to prove the following lemma.

Lemma 5.2.1. Let f : S1 → S1. Then, for all p, q : (base = f(base)), we have

pathdeg
(
p apf (loop) p−1

)
=Z pathdeg

(
q apf (loop) q−1

)
.

Proof. Let p, q : (base = f(base)). We then have that

pathdeg
(
p apf (loop) p−1

)
= pathdeg

(
p q−1 q apf (loop) q−1 q p−1

)
= pathdeg

(
p q−1

)
+ pathdeg

(
q apf (loop) q−1

)
+ pathdeg

(
q p−1

)
= pathdeg

(
p q−1

)
+ pathdeg

(
q apf (loop) q−1

)
+ pathdeg

((
p q−1

)−1
)

= pathdeg
(
q apf (loop) q−1

)
,

where in the second and fourth equalities we used the fact that pathdeg is a homomorphism
(Theorem 3.6.4). �

The above lemma implies that, if we are able to select a particular path between f(base) and
base for some map f : S1 → S1, then the degree we would define using the approach from Section
5.1.3 is independent on the chosen path. This is already an improvement to what we discussed in
the previous section.

The statement of Lemma 5.2.1 also tells us that for a function f : S1 → S1, the type∏
p,q:(base=f(base))

(
pathdeg

(
p apf (loop) p−1

)
=Z pathdeg

(
q apf (loop) q−1

))
is inhabited. We now can define a type family

Qf : Z→ U , Qf (z) :≡
∏

p:(base=f(base))

(
pathdeg

(
p apf (loop) p−1

)
=Z z

)
. (5.2.1)

Observe that, for every z : Z the type Qf (z) is a mere proposition, as for every p : (base =
f(base)), the type (

pathdeg
(
p apf (loop) p−1

)
=Z z

)
is a mere proposition, as an equality between two elements in a set.

We aim to use the principle of unique choice for this type family. As such, we firstly need to show
that the total space of Qf is a mere proposition.

Theorem 5.2.2. For every map f : S1 → S1, the type∑
z:Z

Qf (z)

is a mere proposition, with Qf defined as in (5.2.1).
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Proof. Let

u, v :
∑
z:Z

Qf (z).

As each Qf (z) is a mere proposition, for z : Z, by Lemma 3.4.2, we only need to show that

pr1(u) =Z pr1(v).

Denote by z :≡ pr1(u) and z′ :≡ pr1(v). By assumption, we have that the types∏
p:(base=f(base))

(
pathdeg

(
p apf (loop) p−1

)
=Z z

)
(5.2.2)

and ∏
p:(base=f(base))

(
pathdeg

(
p apf (loop) p−1

)
=Z z

′) . (5.2.3)

As the type (z =Z z
′) is a mere proposition, we can define a map

‖base = f(base)‖ → (z =Z z
′)

by stripping the truncation (cf. Theorem 3.3.7), mapping a path p : (base = f(base)) to the
equality given by transitivity of equations (5.2.2) and (5.2.3).

As S1 is connected (by Theorem 3.7.4), we then have that z =Z z′, and so this concludes the
proof. �

Now, we can use the principle of unique choice in order to define the degree of maps on S1 :

Theorem 5.2.3 (Degree of non-pointed maps on S1). There exists a function

deg : (S1 → S1)→ Z

for which

deg(IdS1) = 1

and for which the degree of every constant map is equal to 0.

Proof. Take a map f : S1 → S1. Consider the predicate Qf : Z→ Prop defined in (5.2.1).

We can then define a map

(base = f(base))→
∑
z:Z

Qf (z), p 7→
(
pathdeg

(
p apf (loop) p−1

)
;up
)
,

where up is a witness of Qf
(
pathdeg

(
p apf (loop) p−1

))
.

So, applying the principle of unique choice (Lemma 3.4.3) with

U :≡ (base = f(base)), V :≡ Z and Q :≡ Qf ,
we get that the type ∑

z:Z
Qf (z)

is inhabited, and so we may project a (unique) particular element, call it df , onto Z. We can then
define

deg(f) :≡ df .

This definition of degree obviously agrees with properties we stated at the beginning of this section,
as

apIdS1
(loop) ≡ loop

and every constant map on S1 maps loop to a constant path. Moreover, the degree does in-
deed represent “the winding number“ of a function, as the degree of apf (loop) (in the case that
f(base) ≡ base) can be seen as the number of times f “winds around” the circle. �
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Lastly, the above definition of degree is clearly consistent with the one presented in Section 5.1.3,
as, for pointed maps f : S1 r→ S1, we already have a path between f(base) and base, which can
directly be used to compute an inhabitant of the type∑

z:Z
Qf (z),

with Qf defined as in (5.2.1).

5.3. Degree of arbitrary maps on Sn

Let us now see how to define degree of arbitrary maps on Sn, for n ≥ 1, using the approach the
authors gave in [14].

In this section, we will use the definition of the n-spheres given as iterated suspensions (cf. 3.2.2).

Classically, the degree of maps satisfies several properties, such as:

(1) For every f, g : Sn → Sn, we have

deg(f ◦ g) = deg(f) · deg(g).

(2) For every f : Sn → Sn, we have

deg(Σf) = deg(f),

where Σf : Sn+1 → Sn+1 is the suspension of f .

(3) deg(IdSn) = 1.

Property (1) from above is rather difficult to enforce/prove within homotopy type theory, and so
we will not consider it in the remainder of this section. Property (2), however, is the key idea
that will allow us to define the degree of maps that are not necessarily pointed. Property (1) from
above will be trivially satisfied, as we will see in the next definition.

We begin by remarking that, according to the definition of the suspension of a map (Definition
3.2.3), for every map f : Sn → Sn, the map

Σf : Sn+1 → Sn+1

is always a pointed map, as Σf(N) ≡ N. We can then compute the degree of Σf according to the
procedure we described in Section 5.1. This motivates us to use the following definition.

Definition 5.3.1. Let n : N with n > 1 and let f : Sn → Sn be an arbitrary map. We define the
degree of f as the degree of the pointed map Σf , according to Definition 5.1.3.

This definition is a simplification of the definition of degree given by the authors in [14, Chapter
5]. As previously mentioned, property (3) from the above list is always satisfied, as

ΣIdSn ≡ IdSn+1 ,

and the degree of the identity map can be directly computed (and shown to be equal to 1) using
Definition 5.1.3.

We now wish to show that it is possible to use the above particular definition by writing down a
generator of πn(Sn, N) in an “easier” way. To do so, we will show that the operation of taking
the suspension of maps is “consistent” with the homotopy groups of Sn, in a way that will be
explained further in this section. This has already been shown by the authors in [14, Chapter 5].
For completeness, we summarize their work.

We begin with the definition of a co-H-space, which is a monoid-like structure, analogous to that
of an H-space (cf. [1, Definition 8.5.4]).
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Definition 5.3.2 (Definition 5.1 in [14]). Let (A, a) be a pointed type. Recall the definition of
A ∨A we gave in (4.1.1). A co-H-space structure on (A, a) is a pointed map

σ : (A, a) r→ (A ∨A, i(a)),

called the comultiplication map, for which

π1 ◦ σ = IdA,

and

π2 ◦ σ = IdA,

where π1, π2 : A ∨A→ A are the projection on the first and second summand, respectively.

In order to gain a visual idea of the above definition, we present the following definition and
lemma.

Definition 5.3.3. Let A be a type, and consider its suspension ΣA, defined in Definition 3.2.2.

Consider the type (ΣA,N)∨ (ΣA,N). Denote by N1, S1 the image of N and S respectively in the
first summand in (ΣA,N)∨(ΣA,N), and by N2, S2 the image of N and S respectively in the second
summand in (ΣA,N) ∨ (ΣA,N), and denote resulting path in the pushbout as p : (N1 = N2).

Moreover, for every x : A, we will indicate the image of the path meridA(x) (cf. Definition 3.2.2)
into (ΣA,N) ∨ (ΣA,N) as merid1(x) for the first summand, and as merid2(x) for the second
summand.

Then, we can define the pinch map

σ : ΣA→ ΣA ∨ ΣA,

by induction, as

σ(N) :≡ S1, σ(S) :≡ S2,

and, for every x : A,

apσ (meridA(x)) := merid1(x)−1 p merid2(x).

Lemma 5.3.4 (Implied by Proposition 5.3 from [14]). Let A be a type. Then, (ΣA,N) has the
structure of a co-H-space, where the comultiplication map is given by the pinch map, as defined in
Definition 5.3.3.

We will later present another result, stating that the suspension of a type actually has a richer
structure than just the one given in Lemma 5.3.4. To this end, the notion of a cogroup is defined,
which is the analogue of a group-like structure.

Definition 5.3.5 (Definition 5.2 in [14]). Let (A, a) be a co-H-space. Assume that there is a
pointed map

λ : (A, a) r→ (A, a)

for which

∇ ◦ (λ ∨ IdA) ◦ σ = consta,

where

consta : A→ A, x 7→ a,

is the constant map at a, ∇ is the folding map defined in (4.1.2), σ is the comultiplication map of
A, and

λ ∨ IdA : A ∨A→ A ∨A
is the “concatenation” of the maps λ and IdA, defined as λ on the first summand and IdA on the
second summand.

Assume moreover that A is also coassociative, in the sense that the following diagram commutes:
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A A ∨A

A ∨A A ∨A ∨A.

σ

σ IdA∨σ
σ∨IdA

where A ∨ A ∨ A can be defined as either (A ∨ A) ∨ A or A ∨ (A ∨ A), as it is straightforward to
check that these two definitions are indeed equivalent.

If all of the above assumptions are satisfied, we say that A is a cogroup.

The usefulness of the above definition lies in the following result.

Theorem 5.3.6 (Proposition 5.4 in [14]). If (A, a) is a cogroup and (B, b) is a pointed type, then
the type

‖(A, a) r→ (B, b)‖0
can be given a “natural” group structure, where the group operation is defined by induction (cf. The-
orem 3.3.6) as

‖f‖0 · ‖g‖0 :≡ ‖∇B ◦ (f ∨ g) ◦ σ‖0 ,
for f, g : (A, a) r→ (B, b), where

∇B : B ∨B → B

is the folding map (cf. (4.1.2)), and σ is the comultiplication map on A.

We have seen, in Lemma 5.3.4, that all suspensions have the structure of a co-H-space. We can
actually show something stronger: that all suspensions have the structure of a cogroup.

Theorem 5.3.7 (Proposition 5.3 in [14]). Let A be a type. Then, (ΣA,N) has the structure of a
cogroup, where the comultiplication map is given by the pinch map, as defined in Definition 5.3.3.

We can, in particular, apply Theorems 5.3.7 and 5.3.6 to the case when A ≡ Sn and B ≡ Sn. We
then obtain a particular group structure on the type

‖(Sn, N) r→ (Sn, N)‖0.

However, by [1, Lemma 6.5.4], we have that

‖(Sn, N) r→ (Sn, N)‖0 ' πn(Sn, N).

At first glance, it would seem that we now have two separate groups structures on πn(Sn, N). One
would expect that these two structures are the same.

In classical Mathematics, the group structure of πn induced by Theorem 5.3.6 is the usual group
structure of πn (cf. [16, Pages 340-341]). However, we have not been able to prove that this is also
the case within homotopy type theory.

To finish the argument that the definition of degree we gave in Definition 5.3.1 is indeed “easier”
to use than the one we presented in Section 5.1, we present this last result.

Theorem 5.3.8 (cf. end of Chapter 5 in [14]). Let (A, a) be a cogroup and let (B, b) be a pointed
type. Then, the suspension functor

Σ : ‖(A, a) r→ (B, b)‖0 → ‖(ΣA,NA) r→ (ΣB,NB)‖0
defined by stripping the truncation (cf. Theorem 3.3.7) as

‖f‖0 7→ ‖Σf‖0,

for every f : ((A, a) r→ (B, b)) , is a group homomorphism with respect to the group operations
defined in Theorems 5.3.6 and 5.3.7. This is also a group isomorphism when (A, a) ≡ (Sn, N) and
(B, b) ≡ (Sn, N).
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Hence, by Theorem 5.3.8, assuming that the group structure induced on πn(Sn, N) is the same as
the usual group structure defined within homotopy type theory, we now have that the suspension
functor respects the group structure of πn+1(Sn+1), and so Definition 5.1.3 is indeed “consistent”
with the homotopy structure of Sn.

Compared to the approach we took in Section 5.1, a generator of πn(Sn, N) can now be given the
identity map on Sn, and so this approach is indeed slightly easier to use in practice.
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6. Cellular homology and cohomology

In this section, we proceed with discussing a cellular homology theory (with coefficients in Z) for
CW complexes, within homotopy type theory.

Classically, one firstly defines simplicial and cellular homology of spaces, and only then cellular
homology. We have chosen to use a cellular homology theory as the starting point for our theory for
two reasons. The first one is that the closed orientable genus g surfaces, which are the topological
spaces mentioned Claim 1, have a simple and well-known cell structure, which we presented in
Section 2. The second one is that a result from classical homotopy theory states that every
smooth and closed manifold has the homotopy type of a CW complex. This implies this particular
homology theory is, classically, not too restrictive in the “number” of spaces to which we can apply
it.

We will define CW complexes within homotopy type theory in Section 6.1, in the same way as
they were defined in [14, Chapter 4].

In Section 5, we have defined the degree of maps on the n-spheres. With these, we can now make
the “classical” cellular boundary formula precise within homotopy type theory. We will discuss
this in Section 6.2. Again, we follow the same ideas as in [14].

6.1. CW complexes

We start by defining CW complexes in homotopy type theory. We will use the same approach
as in [14]: inductively building a CW complex up, from the n-skeleton to the (n + 1)-skeleton.
This is similar to the way one defines CW complexes in classical Mathematics. However, there is
one important distinction between set-theoretic Mathematics and homotopy type theory. We will
see that, in the coming definition, we must introduce “additional cells” in order to complete the
definition of a CW complex.

Throughout this section, we will use the definition of the n-spheres as the higher inductive type
generated by a base point and an n-loop at base, as in Definition 3.2.1.

We start with an index type A0 (which usually is a set), and we define the 0-skeleton at X0 :≡ A0.
We then continue with another index type A1, which “contains” the 1-cells, and we define the
1-skeleton as the pushout

A1 × S0 A1

X0 X1

pr1

α1

p
i1

for some map α1 : A1 × S0 → X0, where S0 ≡ 2.

Inductively, for n : N, if we have defined the n-skeleton Xn, then we can define the (n+1)-skeleton
Xn+1 as the pushout:

An+1 × Sn An+1

Xn Xn+1

pr1

αn+1

p
in+1

where An+1 is an index type, denoting the (n+ 1)-cells, and αn+1 is called the attaching map.

Thus, the entire CW complex is defined as follows:

Definition 6.1.1. A CW complex is defined as the following iterated pushout:
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An+1 × Sn An+1 An+2 × Sn+1 An+2

· · · Xn Xn+1 · · ·

pr1

αn+1

pr1

αn+2

in+1 in+2

where An’s are the index types of the CW complex and αn’s are the attaching maps.

For fixed m : N, the m-skeleton is defined to be the type Xm.

In this document, however, we will only deal with finite CW complexes. This means that the
above iterated pushout stops at a certain N : N, but the index types of the CW complex need not
be “finite sets”. The resulting CW complex is then XN .

We then have the following expected result, as we mentioned at the beginning of Section 4.

Lemma 6.1.2 (Lemma 4.1 in [14]). Let X be a CW complex of dimension N : N (this means that
X ≡ XN according to Definition 6.1.1).

Then, for every n : N with n ≤ N − 1, the types Xn+1/Xn and∨
i:An+1

(Sn+1, base)

are equivalent, where Xn+1/Xn :≡ cofib(in+1).

6.2. The cellular chain complex

In order to define cellular homology groups, we firstly need to define the cellular chain complex
together with its cellular boundary maps, which will be done in the same manner as in classical
Mathematics.

However, we also need to define the free abelian group on a type. We will do so by slightly adapting
the definition of a free group from [1, Theorem 6.11.6]

Definition 6.2.1. Let A be a type. The free abelian group on A is the higher inductive type Z[A]
generated by the following constructors:

• a function η : A→ Z[A].

• a map + : Z[A]× Z[A]→ Z[A], together with inhabitants of the types∏
x,y,z:Z[A]

((x+ y) + z = x+ (y + z))

and ∏
x,y:Z[A]

(x+ y = y + x) ,

representing the group operation on Z[A].

• an element 0 : Z[A], with an inhabitant of the type∏
x:Z[A]

(x+ 0 = x) .

• a map − : Z[A]→ Z[A] together with an element of the type∏
x:Z[A]

(x+ (−x) = 0) ,

representing the inversion map.
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• the 0-truncation constructor, stating that for every x, y : Z[A] and for every p, q : (x =Z[A]

y), we have an equality p = q.

The above definition indeed agrees with the set-theoretic free abelian group, as we have the
following universal property.

Theorem 6.2.2. For every set A and every abelian group G, the map

hom(Z[A], G)→ (A→ G),
(
f ; prooff

)
7→ f ◦ η

is an equivalence, where
hom(Z[A], G)

denotes the type of group homomorphisms from Z[A] to G, defined as

hom(Z[A], G) :≡
∑

f :Z[A]→G

∏
x,y:Z[A]

(f(x+ y) = f(x) + f(y)) .

Proof. The proof is similar to the proof of Theorem 6.11.6 in [1]. �

By abuse of notation, for x : A, we will represent the element η(x) : Z[A] by just x. Thus, the
elements of the type Z[A] are sums of the form

· · ·+ nx+my + pz + · · · .
where n,m, p : Z and x, y, z : A.

In order to be able to create a complete cellular chain complex for our finite CW complexes, we
further define the abelian group structure on the unit type 1 as

+ : 1× 1→ 1, (?, ?) 7→ ?,

and
− : 1→ 1, ? 7→ ?.

We are now ready to define the cellular chain complex of a CW complex.

Definition 6.2.3 (cf. Chapter 4 in [14]). Let X be a CW complex (this means that, according
to Section 6.1, X ≡ XN for some N : N). Denote by A0, A1, · · · , AN the index types of X, where
Ai represents the type of i-cells.

We define the cellular chain complex of X as follows: for n :≡ 1, we define, by induction,

∂1 : Z[A1]→ Z[A0], ∂1(x) :≡ α1(x, true)− α1(x, false),

for each x : A1, and extending it using linearity, where true, false : S0, as S0 ≡ 2.

For n : N with n > 1 and n ≤ N − 1, define the cellular boundary map

∂n+1 : Z[An+1]→ Z[An],

by induction, as

∂n+1(x) :≡
∑
y:An

dxyy : Z[An],

for x : An+1, and extending this definition by linearity. In the above, the sum is with respect to
the group operation on Z[An] (and not the

∑
type), and dxy is the degree of the following map,

according to Section 5,

Sn Xn Xn/Xn−1 '
∨
i:An

(
Sn, base

)
Sn,αn+1(x, ·) quotient πy

for a particular choice of equivalence of types (such as the one coming from the proof of Lemma
6.1.2), where πy is the projection on the yth summand, and the map quotient is defined from
the pushout
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Xn−1 Xn

1 Xn/Xn−1.

in

p
quotient

We further define

∂0 : Z[A0]→ 1,

and

∂N+1 : 1→ Z[AN ], ? 7→ 0.

Hence, for a CW complex X, we have the chain complex

1 Z[AN ] · · · Z[An] · · · Z[A0] 10 ∂N ∂n+1 ∂n ∂1 (6.2.1)

Observe that, in Definition 6.2.3, we have not introduced a reduced cellular homology theory.
Classically, this is a homology theory in which the zero-dimensional homology group of a path-
connected space is trivial.

We could have defined this reduced homology theory by instead defining

∂0 : Z[A0]→ Z

by induction as

∂0 (x) :≡ 1,

for each x : A0, and extending the above by linearity.

In order to be mathematically complete, we would also have to prove that the chain complex
defined in (6.2.1) in indeed a chain complex, meaning that for every n : N, we would have to prove
that

∂n ◦ ∂n+1 = 0. (6.2.2)

However, at the moment, we have not proven this fact.

In the same way as for the chain complex, we can define the cochain complex of a CW complex
X as the dual of (6.2.1) More precisely, we have the cochain complex

1 hom(Z[AN ], G) · · · hom(Z[A0], G) 1
(∂N )∗ (∂1)∗ 0 (6.2.3)

for an abelian group G, where (∂•)
∗ denotes the pullback map, defined as

(∂•)
∗ :
(
f ; prooff

)
7→
(
f ◦ ∂•; prooff◦∂•

)
.

6.3. Cellular homology and cohomology groups

Assuming that the chain complex from (6.2.1) indeed satisfies equation (6.2.2), we can then form-
ally define the homology groups of the respective chain complex. This construction will be done
in the same manner as in classical Mathematics, but it will be slightly more involved due to the
fact that the image subgroup of a homomorphism is not a “direct subtype“ of a type, but rather
a predicate (and thus a total space of a type family).

We begin by firstly noticing that we can indeed introduce a group structure on the kernel and the
image of the boundary functions.

Lemma 6.3.1. Let G,H be groups and let f : G → H be a group homomorphism. Then, there
are “natural” group structures on ker(f) and on the total space of the image of f . These group
structures are also abelian if both G and H are abelian.
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Proof. We recall that

ker (f) ≡ fibf (1) ≡
∑
x:G

(f(x) = 1)

and that ∑
y:H

Im(f)(y) ≡
∑
y:H

∥∥∥∥∥∑
x:G

(
f(x) = y

)∥∥∥∥∥ .
By Theorem 3.3.3, we have that both ker(f) and the total space of the image of f are sets.

On ker(f), we can define, for(
x; pf(f(x)=0)

)
,
(
y; pf(f(y)=0)

)
: ker (f) ,

a group operation, using the fact that f is a homomorphism, as(
x; pf(f(x)=0)

)
·
(
y; pf(f(y)=0)

)
:≡
(
xy; pf(f(xy)=0)

)
,

with the natural inversion map(
x; pf(f(x)=0)

)−1

:≡
(
x−1; pf(f(x−1)=0)

)
.

The identity element is then

(1; refl1) .

Now consider the type ∑
y:H

Im(f)(y).

Fix y, z : H. Then, as f is a homomorphism, we can define a map

py,z : Im(f)(y)× Im(f)(z)→ Im(f)(yz),

by stripping the truncations (using Theorem 3.3.7) as

py,z :
(∥∥∥(x; pff(x)=y

)∥∥∥ ,∥∥∥(t; pff(t)=z

)∥∥∥) 7→ ∥∥∥(xt,pff(xt)=yz

)∥∥∥ .
Then, on the total space of the image of f , we can define the group operation∑

y:H

Im(f)(y)×
∑
z:H

Im(f)(z)→
∑
s:H

Im(f)(s), ((y;u) , (z; v)) 7→ (yz; py,z (u, v)) .

The inversion map is defined in a similar way: for fixed y : H, we can define a map

iy : Im(f)(y)→ Im(f)
(
y−1

)
by stripping the truncation (using Theorem 3.3.7) as

iy :
(
x;
∥∥∥pff(x)=y

∥∥∥) 7→ (
x−1;

∥∥∥pff(x−1)=y−1

∥∥∥) ,
because f is a homomorphism, and so we can define a map∑

y:H

Im(f)(y)→
∑
y:H

Im(f)(y), (y;u) 7→
(
y−1; iy(u)

)
.

The identity element on the total space of the image of f is the element(
1;
∥∥∥(1; pff(1)=1

)∥∥∥) .
It is also straightforward to check that the above group operations satisfy indeed the group axioms
and that they are also abelian if both G and H are abelian. �
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By Lemma 6.3.1, we then have certain group structures on the kernel of ∂n and on the total space
of the image of ∂n+1. Under the assumption that (6.2.1) is indeed a chain complex, we have that
for every n : N,

∂n ◦ ∂n+1 = 0.

We then have a “canonical inclusion” of the image of ∂n+1 into the kernel of ∂n, defined in the
proof of the following lemma.

Lemma 6.3.2. Let X be a CW complex and let A0, A1, · · · , AN be the index types of X, with Ai
representing the type of i-cells and N : N. Fix n : N with n ≥ 1 and n ≤ N , and assume that

∂n ◦ ∂n+1 = 0,

where ∂n and ∂n+1 are the corresponding boundary maps.

Then, there is a canonical inclusion

i :
∑

y:Z[An]

Im(∂n+1)(y)→ ker (∂n) ,

defined in the coming proof.

Proof. Fix y : Z[An]. The fact that
∂n ◦ ∂n+1 = 0,

implies that we can define a map

vy : Im (∂n+1) (y)→ (∂n(y) = 0)

by stripping the truncation (using Theorem 3.3.7, as equality in a set is a mere proposition) as

vy :
∥∥∥(x; pf∂n+1(x)=y

)∥∥∥ 7→ pf∂n(y)=0.

We can then define the canonical inclusion as

i :
∑

y:Z[An]

Im (∂n+1) (y)→ ker (∂n) , (y;u) 7→ (y; vy(u)) .

It is also straightforward to check that i is indeed a group homomorphism, according to the group
structures defined in Lemma 6.3.1. �

Now that we have canonical inclusions between the image of ∂n+1 and the kernel of ∂n, we can
define the cellular (co)homology groups.

Definition 6.3.3. Let X be a CW complex and let A0, A1, · · · , AN be the index types of X, with
Ai representing the type of i-cells and N : N. Fix n : N with n ≥ 1 and n ≤ N , and assume that

∂n ◦ ∂n+1 = 0,

where ∂n and ∂n+1 are the corresponding boundary maps.

Consider the map i defined in the proof of Lemma 6.3.2. Then, we define the nth cellular homology
group of X as the quotient

Hn(X) :≡ ker (∂n) /R,

where R is the relation

R : ker (∂n)× ker (∂n)→ Prop, R(x, y) :≡

∥∥∥∥∥∥
∑

c:
∑

s:Z[An] Im(∂n+1)(s)

(
i(c) = x− y

)∥∥∥∥∥∥ ,
indicating the equivalence relation for which two elements in the kernel of ∂n are equivalent if
their “difference” is an element of the image of ∂n+1.

The nth cellular cohomology group Hn(X,G), for an abelian group G, is defined in a similar
manner as above, as the nth homology group of the cochain complex in (6.2.3).
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In the above definition, we could have alternatively defined

R : ker (∂n)× ker (∂n)→ Prop, R(x, y) :≡ Im (∂n+1) (pr1(y)− pr1(x)) .

However, this definition hides the fact that the image of ∂n+1 is “contained” in the kernel of ∂n.
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7. The closed orientable genus g surfaces

In this section, we are going to discuss about the closed orientable genus g surfaces, denoted by
Σg. These were the main objects to which Claim 1 from Chapter 1 was addressed. In particular,
these are also main examples of the theory we have developed in Chapters 5 and 6.

In Section 7.1, we define each closed orientable genus g surface as a CW complex, using the theory
we presented in Section 6.1. In Section 7.2, we compute the corresponding cellular homology and
cohomology groups.

7.1. CW complex structure

Let us start by giving a concrete CW complex structure, within homotopy type theory, of Σg,
according to Section 6.1. We distinguish between the case g = 0 and g > 0. We do this because,
although we will use the same CW complex structures we mentioned in Section 2, in the case
g = 0, the type consisting of 1-cells will have to be defined as the empty type, whereas, for g > 0,
this will not be the case.

7.1.1. CW complex structure of Σ0

We begin with the closed orientable genus 0 surface, which, classically, is homeomorphic to the
2-sphere S2. We will give S2 the same CW complex as we did in Section 2.

We start by setting A0 :≡ 1, and so X0 :≡ 1. Then, set A1 :≡ 0. Considering the pushout

A1 × S0 A1

X0 X1

pr1

α1

p

j1

i1

(7.1.1)

with α1 being the unique map defined on the empty type, we clearly get that X1 ' X0.

Lastly, we fix A2 :≡ 1 and consider the pushout

A2 × S1 A2

X1 X2

pr1

α2

p

j2

i2

(7.1.2)

with α2 being the unique map into the unit type. This clearly implies that X2 ' S2, as the above
pushout is the definition of S2 as the suspension of S1 (cf. 3.2.2). This concludes the definition of
S2 as a CW complex.

7.1.2. CW complex structure of Σg for g > 0

We now continue with the case g > 0. We firstly set A0 :≡ 1, and so the 0-skeleton will then be
X0 :≡ 1.

We then define A1 :≡ Bg +Bg, where Bg is the “standard set with g elements”, defined as

Bg :≡
∑
k:N

(k < g).
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We then define the 1−skeleton X1 as the pushout

A1 × S0 A1

X0 X1

pr1

α1

p

j1

i1

(7.1.3)

with α1 being the unique map into the unit type. Denote by glue the homotopy

glue :
∏

x:A1×S0
(i1(α1(x)) = j1(pr1(x))) .

For later references, we have the following definition.

Definition 7.1.1. We define the functions:

F1 :
∏
x:Bg

(i(?) = j(inl(x))) , F1(x) :≡ glue (inl(x), true) ,

F2 :
∏
x:Bg

(i(?) = j(inl(x))) , F2(x) :≡ glue (inl(x), false) ,

G1 :
∏
x:Bg

(i(?) = j(inr(x))) , G1(x) :≡ glue (inr(x), true)

and

G2 :
∏
x:Bg

(i(?) = j(inr(x))) , G2(x) :≡ glue (inr(x), false) ,

where inl, inr : Bg → Bg + Bg are the left and right injections, respectively. In order to avoid
cumbersome notation in the remainder of this section, for every m : N with m < g, we denote by

fi(m) :≡ Fi
(
m; pfm<g

)
and gi(m) :≡ Gi

(
m; pfm<g

)
.

for i = 1 or i = 2.

We can visualize, for instance, the 1-skeleton of the genus 2 surface in Figure 2, which, in contrast
to the classical 1-skeleton we described in Section 2 (in Figure 1), has “additional 0-cells”.

i(?)

j (inl (0,pf0<2))j (inl (1,pf1<2))

j (inr (0,pf0<2))j (inr (1,pf1<2))

f1(0)

f2(0)

f1(1)

f2(1)

g1(0)

g2(0)g2(1)

g1(1)

Figure 2. The 1-skeleton of the closed orientable genus 2 surface within homo-
topy type theory.
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Now define, the loops

p : Bg → (i(?) = i(?)), p
(
m; pfm<g

)
:≡ f1 (m) f2 (m)

−1
,

and

q : Bg → (i(?) = i(?)), q
(
m; pfm<g

)
:≡ g1 (m) g2 (m)

−1
.

Again, in order to above the cumbersome notation, for each m : N with m < g, we will denote by

pm :≡ p
(
m; pfm<g

)
and qm :≡ q

(
m; pfm<g

)
.

These are the same loops as in the classical definition of the 1-skeleton we gave at the beginning
of Section 2.

Lastly, we set A2 :≡ 1 and define the 2-skeleton as the pushout

A2 × S1 A2

X1 X2

pr1

α2

p

j2

i2

where the map α2 is defined by circle induction as

α2(?, base) :≡ i1(?)

and

apα2(?,·)(loop) := p0 q0 p−1
0 q−1

0 · · · pg−1 qg−1 p−1
g−1 q−1

g−1,

where the above is defined by induction on N.

The resulting closed orientable genus g surface is then Σg :≡ X2.

7.2. Homology and cohomology groups

Now, let us compute the cellular homology groups of Σg, for g : N.

Before we begin with the actual computations, we firstly state and prove the following lemma, as
it will be heavily used in the remainder of this section.

Lemma 7.2.1. Let G and H be two groups, and let f : G→ H be equal to the trivial homomorph-
ism (the constant map at the identity element of H). Then, the kernel of f is isomorphic to G,
and the total space of the image of f is contractible.

Proof. Firstly, let us show that ker(f) ' G. We have a canonical homomorphism pr1 : ker(f)→ G,
and also a homomorphism

g : G→ ker(f), g(x) =
(
x; pf(f(x)=0)

)
.

It is straightforward to see that pr1 ◦ g = IdG and that g ◦pr1 = Idker(f) (by Lemma 3.4.2), and so

ker(f) ' G
as groups.

Secondly, let us show that the total space of the image of f is contractible. Recall that

∑
h:H

Im(f)(h) ≡
∑
h:H

∥∥∥∥∥∥
∑
g:G

(f(g) = h)

∥∥∥∥∥∥
Evidently, the total space of the image of f is indeed inhabited, as

f(1) =H 1.

So, we only need to show that the total space of the image of f is a mere proposition.
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Let

u, v :
∑
h:H

Im(f)(h).

We wish to show that u = v. By Lemma 3.4.2, we only need to show that pr1(u) = pr2(v). By
assumption, there are some x, y : H,ux : Im(f)(x) and vy : Im(f)(y) such that u = (x;ux) and
v = (y; vy). As our goal is to prove a mere proposition (cf. [1, Lemma 3.3.5]), by Theorem 3.3.7,
we may assume, without loss of generality, that ux ≡ ‖p‖ and vy ≡ ‖q‖, for some

p :
∑
s:G

(f(s) = x) and q :
∑
t:G

(f(t) = y) .

But, as f is the constant map at the identity element of H, the above implies that x = 1 and that
y = 1, so x = y, and the proof is complete. �

We now continue with the actual computation of the cellular chain and cochain complexes and
the cellular homology and cohomology groups of the closed orientable genus g surfaces. We again
distinguish between the case g = 0 and g > 0, as in the latter case, the computation of the cellular
boundary maps is much more involved than in the former case.

7.2.1. Homology and cohomology groups of Σ0

For g = 0, we immediately see that

Z[A0] ' Z, Z[A1] ' 1 and Z[A2] ' Z.

By definition, this implies that the boundary map ∂2 is equal to the zero map. Moreover, as the
1-skeleton of S2 is equivalent to the 0-skeleton of S2 (both consisting of a “single point”), we have
that the boundary map ∂1 is also equal to the zero map.

As such, the cellular chain complex for S2 is

1 Z 1 Z 10 0 0 0 (7.2.1)

and this is indeed a chain complex. By Lemma 7.2.1, we see that

ker(∂2) ' Z, ker(∂1) ' 1 and ker(∂0) ' Z.

Let us now compute the homology groups of the above chain complex. To do this, we require the
following lemma.

Lemma 7.2.2. Let X be a CW complex and let A0, A1, · · · , AN be the index types of X, with Ai
representing the type of i-cells and N : N. Fix n : N with n ≥ 0 and n ≤ N , and assume that

∂n = 0 and ∂n+1 = 0,

where ∂n and ∂n+1 are the corresponding boundary maps. Then,

Hn(X) ' Z[An].

Proof. By Lemma 7.2.1, we have that

ker(∂n) ' Z[An]

as groups, and that the total space of the image of ∂n+1 is contractible.

As such, the inclusion map from Lemma 6.3.2 can be rewritten as a map

i : 1→ Z[An], ? 7→ 0,

and the relation R from Definition 6.3.3 can also be re-defined as

R : Z[An]× Z[An]→ Prop, R(x, y) :≡

∥∥∥∥∥∑
c:1

(
i(c) =Z[An] (x− y)

)∥∥∥∥∥ .
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However, remark that, for all x, y : Z[An], we have∥∥∥∥∥∑
c:1

(
i(c) =Z[An] (x− y)

)∥∥∥∥∥ ' ∥∥(i(?) =Z[An] (x− y)
)∥∥

'
∥∥x =Z[An] y

∥∥
' (x =Z[An] y),

as Z[An] is a set. This clearly implies that

Hn(X) ' Z[An].

�

Hence, by Lemma 7.2.2, we clearly have that

H2(S2) ' Z, H0(S2) ' Z

and H1(S2) ' 1, and this concludes the computation of the homology groups of S2.

Regarding the cohomology groups of S2, we use the definition of the cochain complex we gave in
(6.2.3). For some abelian group G, we see that the resulting coboundary maps defined in (6.2.3)
are also equal to the zero maps. Thus, the cellular cochain complex of S2 is

1 hom(Z, G) hom(1, G) hom(Z, G) 10 0 0 0

Then, as the type of homomorphisms between two groups is also a set, by Lemma 7.2.2, we have
that

H0(S2, G) ' hom(Z, G), H2(S2, G) ' hom(Z, G)

and H1(S2, G) ' hom(1, G). By the universal property of the free abelian group on a set (Theorem
6.2.2), we then have that

H0(S2, G) ' (1→ G) ' G,
that H2(S2, G) ' G and

H1(S2, G) ' (0→ G),

and this concludes the computation of the cohomology groups of S2.

7.2.2. Homology and cohomoloy groups of Σg for g > 0

For g > 0, the computation of the boundary maps is more involved. We begin by remarking that

Z[A0] ' Z and Z[A2] ' Z.

Let us show that both ∂1 and ∂2 are equal to the zero map. As A0 ≡ 1, by the definition of ∂1

from Definition 6.2.3, we immediately obtain that ∂1 = 0, as α1 is a constant map.

Now, we continue with proving that ∂2 = 0. As A2 ≡ 1, by induction, we then only need to show
that ∂2(?) = 0.

In order to compute ∂2(?), we firstly need to compute the explicit equivalence between X1/X0

and
∨

i:Bg+Bg

(S1, base).

We start by defining an additional higher inductive type Mg, generated by the constructors

• a point basewedge : Mg.

• a map paths : Bg +Bg →
(
basewedge = basewedge

)
.

We then have the following result.
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Lemma 7.2.3. We have that ∨
i:Bg+Bg

(S1, base) 'Mg.

Proof. The proof of this is just a direct calculation, defining the maps by induction, mapping each
path paths(x) for x : Bg + Bg to the loop path in the xth summand in the respective wedge
sum. �

The projection from
∨

i:Bg+Bg

(S1, base) onto its jth summand can then be re-defined, using Lemma

7.2.3, as the map πj : Mg → S1 defined by induction as

πj (basewedge) :≡ base, (7.2.2)

with

apπj
(paths(j)) := loop and apπj

(paths(i)) := reflbase for i 6= j.

Recall also that X1 is the higher inductive type generated by the pushout from (7.1.3), and recall
the definition of the paths f1(m), f2(m), g1(m) and g2(m) for m : N,m < g from Definition 7.1.1.
As X0 ≡ 1, it is clear that X1/X0 ' X1, so we may replace X1/X0 with X1 and the quotient

map with the identity map in the expression of ∂2 given in Definition 6.2.3.

A direct calculation then gives us the following result.

Lemma 7.2.4. We have that

X1 'Mg.

Proof. We can define a map

e : X1 →Mg,

by induction as

e((i1(?)) :≡ basewedge, e1(j1(inl(u))) :≡ basewedge, e1(j1(inr(u))) :≡ basewedge,

with

ape(f1(m)) := paths(inl(m,pfm<g)), and ape(f2(m)) := reflbasewedge
,

and

ape(g1(m)) := paths(inr(m,pfm<g)), and ape(g2(m)) := reflbasewedge
,

for m : N with m < g.

We can visualize the map e, for instance, in Figure 2, as the map that “collapses” the paths

f2(0), f2(1), g2(0), g2(1)

to a point at i(?), and that “strecthes” the paths

f1(0), f1(1), g1(0), g1(1)

to form a loop at i(?).

The proof that this is indeed an equivalence (together with the definition of its inverse) is similar
to the proof of [1, Lemma 6.5.1]. More precisely, this lemma is applied to each pair of paths formed
by f1(m) and f2(m). �

Then, according to Definition 6.2.3, for each y : Bg +Bg, we must compute the degree of the map
given by the composition of

S1 X1 Mg S1.
α2(?, ·) e πy
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Denote the above map as gy :≡ πy ◦ e ◦ α2(?, ·). Remark that gy(base) ≡ base, so we only need
to determine the k : Z for which

apgy (loop) = loopk.

By the definition of e from the proof of Lemma 7.2.4, we immediately see that for every i : N with
i < g, we have that

ape(pi qi p−1
i q−1

i ) = ape(pi) ape(qi) ape(pi)
−1 ape(qi)

−1

= ape(f1(i)) ape(g1(i)) ape(f1(i))−1 ape(g1(i))−1

= paths
(
inl
(
i; pfi<g

))
paths

(
inr
(
i; pfi<g

))
paths

(
inl
(
i; pfi<g

))−1
paths

(
inr
(
i; pfi<g

))−1
.

In the second equality from above, the parts ape(f2(i)) and ape(g2(i)) vanish due to the way we
defined the map e in Lemma 7.2.4.

So, by induction, if y ≡ inl(k; pfk<g), by definition of πy from (7.2.2), it follows that

apgy (loop) = apπy

(
paths

(
inl
(
k; pfk<g

)))
apπy

(
paths

(
inl
(
k; pfk<g

))−1
)

= reflbase,

and so deg(gy) = 0. In a similar manner we get that deg(gy) = 0 if y ≡ inr(k; pfk<g), This implies
that ∂2(?) = 0.

As such, the cellular chain complex of Σg is

1 Z Z[Bg +Bg] Z 10 0 0 0

Let us now computer the cellular homology groups of Σg. By Lemma 7.2.1, we have

ker(∂0) ' Z, ker(∂1) ' Z[Bg +Bg] and ker(∂2) ' Z.
Hence, by Lemma 7.2.2, we have that

H0(Σg) ' Z, H1(Σg) ' Z[Bg +Bg] and H2(Σg) ' Z.

Now, we continue with computing the cohomology groups of Σg. For an abelian group G, the
resulting coboundary maps in (6.2.3) are also equal to the zero maps. The cellular cochain complex
of Σg is then

1 hom(Z, G) hom(Z[Bg +Bg], G) hom(Z, G) 10 0 0 0

Hence, as the type of homomorphisms between two groups is also a set, by Lemma 7.2.2, we also
have that

H0 (Σg, G) ' hom(Z[A0], G) ' hom(Z, G),

that
H1 (Σg, G) ' hom(Z[A1], G) ≡ hom(Z[Bg +Bg], G),

and that
H2 (Σg, G) ' hom(Z[A2], G) ' hom(Z, G).

By the universal property of the free abelian group on a set (Theorem 6.2.2), we then have that

H0 (Σg, G) ' (1→ G) ' G and that H2 (Σg, G) ' G,
and

H1 (Σg, G) ' ((Bg +Bg)→ G) ,

and so we are also finished with computing the cohomology groups of Σg for g > 0.
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8. Covering spaces

In this section, we are going to use the existing theory of covering spaces, defined in [13], in order
to consider lifts of maps, formulate and prove the lifting criterion, the classification of subgroups
induced by covering spaces, and the classification of connected pointed covering spaces.

We recall that, in the proof we gave in Section 2, all of the above results, except for the classification
of connected covering spaces, played a major part in showing Claim 1.

8.1. Basic definitions

We start with defining the notion of covering spaces and lifts.

Definition 8.1.1 (Definition 1 in [13]). Let A be a type. A covering space F of A is a type family

F : A→ Set,

which is not the constant map at the empty type.

This definition of covering spaces is not similar to the one from classical Mathematics. Even
though it agrees with it in the way that for every a : A, the type F (a) can be seen as the fiber
of the covering map at a, there is no assumption on elements of type A having “evenly covered
neighbourhoods”. Moreover, we are making an extra assumption: that the type family is not the
empty family. This is because, if it were, then the total space of the type family would also be
the empty type, and this type is simply connected. This would result in the fact that every type
has a “trivial universal covering space”, it being the empty type. We will make precise what we
mean by this universal covering space in Section 8.4.

Another comparison with the classical definition is discussed by the authors in [13, Section 3],
using the fact that there is a bijective correspondence between the covering spaces of a connected
space X and the sets with a group action of the fundamental group of X.

Now, let us define lifts of maps to the covering space, which will also be slightly different than the
set-theoretic definition.

Definition 8.1.2. Let A and B be types, let f : B → A and let F : A→ Set be a covering space
of A. A lift of f is a function

f̃ : B →
∑
x:A

F (x),

for which

f = pr1 ◦ f̃ .
We say that f admits a lift if such a f̃ exists.

Analogously to classical Mathematics, for b : A and u : F (f(b)), we say that f admits a lift at the

base point (f(b);u) in the total space of F if there is a lift f̃ of f for which

f̃(b) = (f(b);u).

Remark that, for y : B, a lift f̃ of f must satisfy

pr1(f̃(y)) = f(y),

so, in order to construct f̃(y), we only need to construct the second entry of f̃(y) in the total
space of F .

In classical Mathematics, a standard result (see [16, Proposition 1.30]) is the homotopy lifting
property, stating that if two maps f and g homotopic, then f admits a lift if and only if g admits
a lift, and their lifts are also homotopic. In homotopy type theory, this statement is much easier
to prove.
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Lemma 8.1.3 (Homotopy lifting property). Let A and B be types and let F : A → Set be a
covering space of A. Assume that we have two functions

f, g : B → A,

which are homotopic. Assume that f admits a lift f̃ . Then g admits a lift which is homotopic to
f̃ .

Proof. Two functions are homotopic if the type∏
x:B

(f(x) =A g(x)) .

is inhabited. By function extensionality, this implies that f =B→A g.

The fact that f admits f̃ as a lift implies that

f =B→A pr1 ◦ f̃ .
So, by transitivity, we see that f̃ is a lift of g as well. �

8.2. Lifts of paths

In this section, we are going to discuss the lifting properties of paths, viewed as maps from the
interval type.

In classical Mathematics, Lemma 8.1.3 implies in particular that paths in a space can be lifted (as
they are special kinds of homotopies). We wish to prove the same result within homotopy type
theory, but to also phrase it in a different way (by viewing paths inside a type as maps from the
interval type), as a prelude to the lifting criterion (as a bounded interval is contractible in classical
Mathematics).

We begin with recalling the definition of the interval in homotopy type theory.

Definition 8.2.1. The interval type I is the higher inductive type generated by the following
constructors:

• a point 0 : I.

• a point 1 : I.

• a path
seg : (0 =I 1).

We then have the counterpart of the classical statement: that a bounded interval is contractible.

Theorem 8.2.2 (Lemma 6.3.1 in [1]). The type I is contractible.

We can immediately see that, for a type A, there is a bijective correspondence between the maps
I→ A and the paths in A, made concrete in the following lemma.

Lemma 8.2.3. Let A be a type. Then,

(I→ A) '
∑
x,y:A

(x =A y).

Proof. Let f : I→ A be a map. Then, f induces a path

apf (seg) : (f(0) =A f(1))

in A, and so we have a map

(I→ A)→
∑
x,y:A

(x =A y), f 7→
(
f(0); f(1); apf (seg)

)
. (8.2.1)
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Conversely, let p : (x =A y) be a path in A. Then, we can define a map

mp(x, y) : I→ A

by induction as mp(x, y)(0) :≡ x,mp(x, y)(1) :≡ y and apmp(x,y)(seg) := p. As such, we have a
map ∑

x,y:A

(x =A y)→ (I→ A), (x; y; p) 7→ mp(x, y). (8.2.2)

It is straightforward to check that the maps defined in (8.2.1) and in (8.2.2) are inverses of each
other. �

Now, let us state the main result, as discussed at the beginning of this section: that paths inside
a space, viewed as maps from the interval, admit lifts to any covering space.

Theorem 8.2.4. Let A be a type, let F : A → Set be a covering space of A and let f : I → A.
Assume that there is some u : P (f(0)). Then, f admits a lift at the base point (f(0);u) in the
total space of F .

Proof. By Lemma 3.1.7, we can lift apf (seg) to a path

lift(apf (seg), u) :
(
(f(0);u) = (f(1); transportF (apf (seg), u))

)
,

for which

appr1
(lift(apf (seg), u)) = apf (seg).

As such, we can define

f̃ : I→
∑
z:A

F (z)

by induction as

f̃(0) :≡ (f(0);u), f̃(1) :≡ (f(1); transportF (apf (seg), u))

and apf̃ (seg) := lift(apf (seg), u). Then, by Lemma 8.2.3 (as an equivalence is, in particular,

injective), we have that

f = pr1 ◦ f̃ .
�

8.3. The lifting criterion

In this section, we are going to state and prove a homotopy type theoretic version of the set-
theoretic lifting criterion ([16, Proposition 1.33]).

Let us firstly state a certain homotopy type theoretic weaker counterpart to the classical lifting
criterion, which will use a much stronger assumption than the one “equivalent to the classical
statement”. This assumption will be that of the original space being a set, which is of course
always the case in classical Mathematics. However, sets within homotopy type theory behave
much differently than sets in classical Mathematics.

Theorem 8.3.1 (Weaker version of the classical lifting criterion). Let (A, a) be a pointed type
which is also a set, and let F : A → Set be a covering space of A, with u : F (a). Let (B, b) be
another pointed connected type, and let f : B → A be such that f(b) ≡ a.

Then, f admits a lift at the base point (a;u) in the total space of F .
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Proof. We need to show that there is some function

f̃ : B →
∑
z:A

F (z),

such that f = pr1 ◦ f̃ and such that f̃(b) = (a;u).

Fix y : B. Note that, by the above condition, we only need to define the second entry of f̃(y).

We use the same idea as in classical Mathematics: for a path p : (b =B y), we define the lift of f
at the endpoint of p as the element

f̃p(y) :≡
(
f(y); transportF

(
apf (p), u

))
.

We now claim that the type ∏
p,q:(b=By)

(
f̃p(y) = f̃q(y)

)
is inhabited. Let us prove this claim. Fix p, q : (b =B y). By the characterization of equality in
the total space of a fibration (Theorem 3.1.5), we would only have to find a path

r : (f(y) = f(y))

such that
transportF (r, transportF (apf (p), u)) = transportF (apf (q), u).

We can define
r :≡ apf (p)−1 · apf (q).

Then, by functorality of transport (Lemma 3.1.3), we then have that

transportF (r, transportF (apf (p), u)) = transportF (apf (p) r, u),

and by definition of r, the above right hand side is equal to transportF (apf (q), u).

Hence, we can now define the type family

Qf :
∑
z:A

F (z)→ U , Qf (x) :≡
∏

p:(b=By)

(
f̃p(y) = x

)
. (8.3.1)

Remark that, as A is a set, by Theorem 3.3.3, we have that the total space of F is also a set. This
implies that for every x :

∑
z:A F (z), the type Qf (x) is a mere proposition, as it is a dependent

product of mere propositions.

Let us now show that the total space of Qf is a mere proposition. Fix

u, v :
∑

z:
∑

x:A F (x)

Q(z)

By Theorem 3.4.2, we only need to show that

pr1(u) = pr1(v).

Denote by x :≡ pr1(u) and by x′ :≡ pr1(v). By assumption, we have that the types∏
p:(b=By)

(
f̃p(y) = x

)
, (8.3.2)

and ∏
p:(b=By)

(
f̃p(y) = x′

)
(8.3.3)

are inhabited. As the type (x = x′) is a mere proposition (as an equality within a set), we can
then define a map

‖b =B y‖ → (x = x′)

by stripping the truncation (using Theorem 3.3.7). As such, it then suffices to instead give a map

(b =B y)→ (x = x′).
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We can define this by mapping a path p : (b =B y) to the equality given by transitivity of equations
(8.3.2) and (8.3.3).

As the type B is connected, we then have that the type ‖b =B y‖ is inhabited (by Theorem 3.3.9).
This implies that x = x′, and so the total space of Qf is a mere proposition.

Now, we can define a map

(b =B y)→
∑

z:
∑

x:A F (x)

Qf (z), p 7→
(
f̃p(y);up

)
where up is a witness of Qf

(
f̃p(y)

)
. Hence, applying the principle of unique choice (Lemma 3.4.3)

to the types

U :≡ (b =B y), V :≡
∑
x:A

F (x) and Q :≡ Qf ,

we may project a particular element, call it ey, onto the total space of F .

Then, we can define the map

f̃ : B →
∑
z:A

F (z), f̃(y) :≡ ey.

Now, it remains to show that for every y : B, we have that

f(y) = pr1(ey).

So, fix y : B. As A is a set, the above equality type is a mere proposition. As B is connected, this
implies that we can strip the truncation and assume, without loss of generality, that we have an
element p : (b =B y) (by Theorem 3.3.7). By definition of the predicate Qf we defined in (8.3.1),
we clearly have that

f(y) = pr1(ey),

and so f̃ is indeed a lift of f .

Finally, remark that eb is equal to (f(b);u), as we can use the constant path reflb : (b =B b)
when computing eb. As such, we also satisfy the base point condition, and this fact concludes the
proof. �

Hence, Theorem 8.3.1 gives us a way to construct a lift in the same way as we do in classical
Mathematics if the type A is also a (homotopy type theoretic) set. The main ingredients of the
above proof are the functorality properties of the transport map and the principle of unique choice.

Remark also the above statement and proof did not require any particular condition on the image
of the homomorphism induced by f in fundamental groups, as one needs in set-theoretic Mathem-
atics. This is due to the fact that Theorem 8.3.1 uses a much stronger assumption that allows us
to use the principle of unique choice (Lemma 3.4.3) to directly select an element in the total space
of the covering space. This happens not to be the full and true “translation”, within homotopy
type theory, of the classical lifting criterion.

Let us now see how this “true” equivalence would be stated. We wish to express a version of the
lifting criterion that uses a particular assumption on the induced subgroup in the fundamental
group. In order to do this, we firstly need to recall the definition of the induced homomorphism
in the fundamental group and the subgroup induced by its image.

Definition 8.3.2. Let (A, a) and (B, b) be pointed types and let

f : B → A, with f(b) ≡ a.

We define the induced homomorphism

‖Ωbf‖0 : π1(B, b)→ π1(A, a),
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by stripping the 0-truncation (cf. Theorem 3.3.7), with

‖Ωbf‖0 (‖p‖0) :≡
∥∥apf (p)

∥∥
0
,

for p : (b =A b).

Now, let us define a subgroup of a group within homotopy type theory.

Definition 8.3.3. Let G be a group (in particular, G is a set). A subgroup H of G is a predicate

H : G→ Prop

satisfying the following properties:

• H(1) is contractible.

• For every g, h : G such that H(g) and H(h), we have H(gh).

• For every g : G such that H(g), we have H(g−1).

Next, we continue with the definition of the image of the induced homomorphism between funda-
mental groups and proving that it is indeed a subgroup.

Lemma 8.3.4. Let (A, a) and (B, b) be two pointed types, and let f : B → A be such that f(b) ≡ a.
Then, the image of ‖Ωbf‖0 (cf. Definition 4.2.1) is a subgroup of π1(B, b).

Proof. We need to show that the three properties from Definition 8.3.3 hold.

Firstly, let us show that Im(‖Ωbf‖0)(‖refla‖0) is contractible. This follows from the fact that the
type ∑

x:π1(A,a)

(‖Ωbf‖0 (x) = ‖refla‖0)

is inhabited, as, by definition,
‖Ωbf‖0 (‖reflb‖0) ≡ ‖refla‖0

Secondly, we need to show that for all g, h : π1(B, b), we have

Im(‖Ωbf‖0)(g)× Im(‖Ωbf‖0)(h)→ Im(‖Ωbf‖0)(gh).

However, observe that we have a trivial map of type ∑
x:π1(A,a)

(‖Ωbf‖0 (x) = g)

×
 ∑
x:π1(A,a)

(‖Ωbf‖0 (x) = h)

→ ∑
x:π1(A,a)

(‖Ωbf‖0 (x) = gh) .

This is because, if we have

‖Ωbf‖0 (x) = g and ‖Ωbf‖0 (u) = h,

then, as ‖Ωbf‖0 is a homomorphism, we then have

‖Ωbf‖0 (xu) = gh,

and so this implies that

Im(‖Ωbf‖0)(g)× Im(‖Ωbf‖0)(h)→ Im(‖Ωbf‖0)(gh).

The fact that ‖Ωbf‖0 is a homomorphism also implies that for all g : π1(B, b), we have

Im(f)(g)→ Im(f)
(
g−1

)
,

as we have a well-defined map∑
x:π1(A,a)

(‖Ωbf‖0 (x) = g)→
∑

x:π1(A,a)

(
‖Ωbf‖0 (x) = g−1

)
,

since ‖Ωbf‖0 (x) = g if and only if ‖Ωbf‖0
(
x−1

)
= g−1. �
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We can now state the “complete” type theoretic version of the lifting criterion. In classical
Mathematics, the proof of the lifting criterion depends heavily on the Unique Lifting Property
(Proposition 1.34 in [16]). Even though we will formalize this result within homotopy type theory
in Section 8.5, the proof of the lifting criterion that we will give in the remainder of this section
will not depend on the Unique Lifting Property.

Theorem 8.3.5 (Lifting criterion). Let (A, a) be a pointed type and let

F : A→ Set

be a covering space of A, with u : F (a). Let (B, b) be a pointed connected type and let f : B → A
be such that f(b) ≡ a. Assume that, for every s : π1(A, a),

Im(‖Ωbf‖0)(s)→ Im(
∥∥Ω(a,u)pr1

∥∥
0
)(s)

Then, f admits a lift at the base point (a;u) in the total space of F .

To prove the above theorem, we will use the principle of unique choice in the same way as we did
in the proof of Theorem 8.3.1, but we will require to change the predicate that we use in that
respective proof.

We will follow the same proof ideas as in classical Mathematics (cf.[16, Proposition 1.33]): by
considering “lifts along paths” in the space B. Before we begin the proof of Theorem 8.3.5, we
need to make this more precise. Moreover, we will prove properties similar to the ones from
Theorem 8.3.1, but we will split these over several lemmas.

Definition 8.3.6. Let (B, b) and (A, a) be two pointed types and let f : B → A be such that
f(b) ≡ a. Let F : A→ Set be a covering space of A, and let u : F (a).

Consider y : B. For a path p : (b =B y), let us define, in the same way as we did in the proof of

Theorem 8.3.1, the the lift f along p as the lift f̃p, given by Theorem 8.2.4, of the map

fp : I→ A

defined by induction as

fp(0) :≡ a, fp(1) :≡ f(y), apfp(seg) := apf (p).

Under the notations form Definition 8.3.6, we claim that, using the principle of unique choice
(Lemma 3.4.3), we will be able to project an element onto F (f(y)) and construct a lift of f using
this particular element, which will be independent of the chosen path from b to y (if this exists).

As such, just as in Theorem 8.3.1, we wish to show that that the lift along paths is independent
of the chosen path. We thus have the following lemma.

Lemma 8.3.7. Let (A, a) be a pointed type and let F : A→ Set be a covering space, with u : F (a).
Let (B, b) be another pointed type and let f : B → A be a map with f(b) ≡ a. Assume that, for
every s : π1(A, a),

Im(‖Ωbf‖0)(s)→ Im(
∥∥Ω(a,u)pr1

∥∥
0
)(s)

Fix y : B. Then, the type ∏
p,q:(b=By)

(
pr2(f̃p(1)) =F (f(y)) pr2(f̃q(1))

)
is inhabited, where f̃p and f̃q are the lifts (cf. Theorem 8.2.4) of the maps fp and fq, respectively,
which are defined as in Definition 8.3.6.
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Proof. Let p, q : (b =B y). By the definition of the lift along a path (cf. Definition 8.3.6 and
Theorem 8.2.4), we need to show that

transportF (apf (p), u) =F (f(y)) transportF (apf (q), u).

Define

g :≡
∥∥apf (p) apf (q−1)

∥∥
0
.

We then see that

‖Ωbf‖0 (‖p q−1‖0) ≡ g,
and so Im(‖Ωbf‖0)(g) is inhabited. By assumption, this implies that Im(

∥∥Ω(a,u)pr1

∥∥
0
)(g) is in-

habited, and so there merely exists an x : π1 (
∑
z:A F (z), (a;u)) such that∥∥Ω(a,u)pr1

∥∥
0

(x) = g.

Remark that the goal of this lemma is a mere proposition, as the type

transportF (apf (p), u) =F (f(y)) transportF (apf (q), u)

is an equality in a set. As we are now attempting to construct a map from Im(
∥∥Ω(a,u)pr1

∥∥
0
)(g)

to this goal, by Theorem 3.3.7, we may replace mere existence with actual existence.

Now, we are attempting to define a map from fibg(
∥∥Ω(a,u)pr1

∥∥
0
) to our goal. Applying Theorem

3.7.7 and then stripping the truncation once again (by Theorem 3.3.7) we may assume, without
loss of generality, that there is some

lp :
(
(a;u) =∑

z:A F (z) (a;u)
)
. (8.3.4)

such that ∥∥Ω(a,u)pr1

∥∥
0

(‖lp‖0) = g.

By definition of
∥∥Ω(a,u)pr1

∥∥
0

and g, the above implies that∥∥∥appr1
(lp)

∥∥∥
0

=
∥∥apf

(
p · q−1

)∥∥
0
.

By Theorem 3.3.9, we have that the type∥∥∥appr1
(lp) = apf

(
p · q−1

)∥∥∥
is inhabited; again, as our goal is a mere proposition, by Theorem 3.3.7, we may strip the above
truncation and assume, without loss of generality, that

appr1
(lp) = apf

(
p · q−1

)
.

Now, recalling (8.3.4), lp is a path in the total space of F . By the correspondence of paths in the
total space of a fibration and paths in each fiber (Theorem 3.1.5), there is some path

pth : (a =A a)

such that

transportF (pth, u) = u and appr1
(lp) = pth.

As such, we have that

pth = apf
(
p · q−1

)
.

This implies that

transportF (pth, u) = transportF (apf
(
p · q−1

)
, u).

By transitivity, this implies that

transportF (apf
(
p · q−1

)
, u) = u.

This then implies that

transportF
(
apf (q), transportF (apf

(
p · q−1

)
, u)
)

= transportF (apf (q), u).
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By the functorality of the apf map (cf. [1, Lemma 2.2.2]) and by the functorality properties of the

transport (Lemma 3.1.3), the left hand side is equal to transportF
(
apf (p), u

)
, and so this finishes

the proof. �

Using the notations from the above lemma, its statement then tells us that we can now define a
type family

Qf : F (f(y))→ Prop, Qf (x) :≡
∏

p:(b=By)

(
pr2

(
f̃p(1)

)
=F (f(y)) x

)
, (8.3.5)

where F : A → Set is a covering space of F . Remark that Qf is well-defined as for every
p : (b =B y) and every x : F (f(y)), the type

pr2

(
f̃p(1)

)
=F (f(y)) x

is a mere proposition, as an equality inside a set.

We now claim the following.

Lemma 8.3.8. Let (A, a) be a pointed type and let F : A → Set be a covering space of A, with
u : F (a). Let (B, b) be a pointed connected type and let f : B → A be such that f(b) ≡ a. Assume
that, for every y : π1(A, a),

Im(‖Ωbf‖0)(y)→ Im(
∥∥Ω(a,u)pr1

∥∥
0
)(y)

Fix y : B. Then, the type ∑
x:F (f(y))

Qf (x)

is a mere proposition, with Qf defined as in (8.3.5).

Proof. Let

u, v :
∑

x:F (f(y))

Qf (x).

By Lemma 3.4.2, we only need to show that

pr1(u) = pr1(v).

Denote by x :≡ pr1(u) and by x′ :≡ pr1(v). By assumption, we have that the types∏
p:(b=By)

(
pr2

(
f̃p(1)

)
=F (f(y)) x

)
, (8.3.6)

and ∏
p:(b=By)

(
pr2

(
f̃p(1)

)
=F (f(y)) x

′
)

(8.3.7)

are inhabited. As the type (x =F (f(y)) x
′) is a mere proposition (as an equality within a set), we

can then define a map
‖b =B y‖ → (x =F (f(y)) x

′)

by stripping the truncation (using Theorem 3.3.7). Then, it suffices to only give a map

(b =B y)→ (x =F (f(y)) x
′).

We can define this by mapping a path p : (b =B y) to the equality given by transitivity of equations
(8.3.6) and (8.3.7).

As the type B is connected, we then have that the type ‖b =B y‖ is inhabited (cf. Theorem 3.3.9).
This implies that x =F (f(y)) x

′, and so the proof is finished. �

We can now finish the proof of Theorem 8.3.5 by applying the principle of unique choice to this
Qf predicate.



52

Proof of Theorem 8.3.5. Fix y : B and consider the predicate Qf defined in (8.3.5). We can then
define a map

(b =B y)→
∑

x:F (f(y))

Qf (x), p 7→
(

pr2

(
f̃p(1)

)
;up

)
,

where up is a witness of Qf

(
pr2

(
f̃p(1)

))
.

So, applying the principle of unique choice (Lemma 3.4.3) to the types

U :≡ (b =B y), V :≡ F (f(y)) and Q :≡ Qf ,
we may project a particular element, call it sy, onto F (f(y)).

Using the above, we can now define the map

f̃ : B →
∑
z:A

F (z), f̃(x) :≡ (f(x); sx) ,

and this is, by definition, a lift of f .

Remark that sb is equal to u, because we can use the constant path at b when proving Lemma
8.3.7 for y ≡ b. The characterization of path in the total space of a fibration as paths in each fiber
(Theorem 3.1.5) then implies that

(f(b); sb) = (f(b);u),

via the path reflb : (b =B b), as

transportF (reflb, sb) ≡ sb = u.

Hence, we also satisfy the base point condition, and the proof is now finished. �

8.4. The universal covering space and subgroups induced by covering spaces

In this section, we will discuss the universal covering space of a type and we will prove also prove
that every subgroup of the fundamental group of a type is induced by a covering space. The
classical counterpart of this is described in [16, Proposition 1.36].

We start by defining the universal covering space in the exact same way as one does in clas-
sical Mathematics, by defining a certain equivalence relation on the fundamental groupoid of a
topological space.

Definition 8.4.1 (Universal covering space). Let (A, a) be a pointed type. We define the universal
covering space of A as the pointed covering space

P̃ : A→ Set, P̃ (z) :≡ ‖a =A z‖0 ,

with the distinguished base point ‖refla‖0 : P̃ (a).

This covering space is indeed the “classical universal covering space”, due to the following result:

Theorem 8.4.2 (Lemmas 10 and 11 in [13]). The total space of P̃ , as defined above, is simply

connected. Moreover, every covering space with simply connected total space is equivalent to P̃ .

We recall that, in classical Mathematics, the universal covering space has a “universal property”:
it covers every covering space of a topological space.

We naturally wish the same to hold within homotopy type theory. However, this is not directly
the case. Due to covering spaces being defined as a family of sets over a type, and the “covering
map” being the projection on the first component from the total space of the family, we do not
have this universal property within homotopy type theory in the same form as in set-theoretic
Mathematics.
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However, we have a variation of it: as every 1-connected space is also connected, by the lifting
criterion (cf. Theorem 8.3.5), the projection of the first component from the total space of the

universal covering space P̃ of a type A admits a lift to every covering space of A.

We can now use the universal covering space to construct covering spaces that induce arbitrary
subgroups of the fundamental group of A at a, in a similar way as one does in set-theoretic
Mathematics. The proof of this result follows the same idea as the classical one.

Theorem 8.4.3. Let A be a type and let a : A. Let H be a subgroup of π1(A, a). Then, there
is a covering space PH : A → Set of A and a distinguished point ã : PH(a) such that for every
g : π1(A, a),

H(g) ' Im
(∥∥Ω(a,ã)pr1

∥∥
0

)
(g).

Before we begin the proof of the above theorem, we will firstly need to state and prove a certain
result that will be helpful in the respective proof.

Lemma 8.4.4. Let A be a type, let a : A and let P̃ : A→ Set be the universal covering space of
A from Definition 8.4.1. For every z : A, let Rz be a relation on P̃ (z) and denote by qz : P̃ (z)→
P̃ (z)/Rz the respective quotient map. Then, for all p, ` : (a =A a) we have that

transportx 7→P̃ (x)(p, ‖`‖0) =
∥∥∥transportx7→(a=Ax)(p, `)

∥∥∥
0
,

and

transportx 7→P̃ (x)/Rx (p, qa (‖`‖0)) = qa

(
transportx 7→P̃ (x)(p, ‖`‖0)

)
.

Proof. Let p, ` : (a =A a).

For the first part, we apply Lemma 3.1.4 to the type families P (x) :≡ (a =A x), Q :≡ P̃ and the
dependent function fx :≡ ‖ · ‖0, for every x : A. Then, this directly implies that

transportx 7→P̃ (x)(p, ‖`‖0) =
∥∥∥transportx7→(a=Ax)(p, `)

∥∥∥
0
.

For the second part, we apply the same Lemma 3.1.4 to the type families P (x) :≡ P̃ (x), Q(x) :≡
P̃ (x)/Rx and the dependent function fx :≡ qx, for every x : A, and this also directly implies that

transportx 7→P̃ (x)/Rx (p, qa (‖`‖0)) = qa

(
transportx 7→P̃ (x)(p, ‖`‖0)

)
.

�

With the above lemma in mind, we can now proceed with the proof of the previous theorem.

Proof of Theorem 8.4.3. Consider the universal covering space P̃ of A, as in Definition 8.4.1.

For z : A, define the relation
∼z: P̃ (z)× P̃ (z)→ Prop

by stripping the truncation twice (cf. Theorem 3.3.7), since the type of mere propositions is a set
(cf. [1, Theorem 7.1.11], as

∼z (‖p‖0, ‖q‖0) :≡ H
(
‖p q−1‖0

)
,

for p, q : (a =A z).

Now define
PH(z) :≡ P̃ (z)/ ∼z,

and denote by qz : P̃ (z)→ P̃ (z)/ ∼z the quotient map.

We claim that PH , together with the distinguished point qa (‖refla‖0) : PH(a), induces the sub-
group H in π1(A, a).
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Let us firstly show that, for each z : A, the relation ∼z is an equivalence relation. So, fix z : A.

We start by showing that ∼z is symmetric. That is, we want to show that for all g, h : π1(A, a),
we have

∼z (g, h)→∼z (h, g).

As both types from above are mere propositions, the function type from above is a mere proposi-
tion, and so, by the induction principle of the 0-truncation (cf. Theorem 3.3.6), we may assume,
without loss of generality, that g ≡ ‖p‖0 and that h ≡ ‖s‖0, for some

p, s : (a =A z).

Hence, we now want to show that

H
(
‖p s−1‖0

)
' H

(
‖s p−1‖0

)
.

The immediately follows from the fact that H is a subgroup.

Now, let us show that ∼z is reflexive. That is, we want to show that for all g : π1(A, a), the type

∼z (g, g)

is inhabited. Again, by the induction principle on the 0-truncation (cf. Theorem 3.3.6), we may
assume, without loss of generality, that g ≡ ‖p‖0 for some p : (a =A z). The facts that H (‖refla‖0)
is contractible and that p p−1 = refla conclude the proof of this claim.

Lastly, we prove that ∼z is transitive. We thus want to show that for every g, h, t : π1(A, a), we
have

∼z (g, h)× ∼z (h, t)→∼z (g, t).

As the above type if a mere proposition, by the induction principle on the 0-truncation (cf. Theorem
3.3.6), we may assume, without loss of generality, that g ≡ ‖p‖0, h ≡ ‖s‖0 and t ≡ ‖w‖0, for some
p, s, w : (a =A z). Then, as

‖p s−1‖0 · ‖s w−1‖0 = ‖p w−1‖0,
and as H is a subgroup, the proof is this claim is also finished. As such, considering all of the
above, ∼z is an equivalence relation.

Let us now proceed with showing that for all g : π1(A, a), we have

H(g) ' Im
(∥∥∥Ω(a;qa(‖refla‖0))prPH

1

∥∥∥
0

)
(g),

where prPH
1 is the projection on the first component from the total space of PH .

As we need to show an equivalence between two mere propositions, we only need to show that
each proposition implies the other (Lemma 3.4.1), i.e. we must only prove that

H(g)→ Im
(∥∥∥Ω(a;qa(‖refla‖0))prPH

1

∥∥∥
0

)
(g),

and that

Im
(∥∥∥Ω(a;qa(‖refla‖0))prPH

1

∥∥∥
0

)
(g)→ H(g).

As both types from the above function types are mere propositions, the two respective function
types from above are also mere propositions. Hence, by the induction principle of the 0-truncation
(cf. Theorem 3.3.6), we may assume, without loss of generality, that g ≡ ‖lp‖0 for some

lp : (a =A a).

Let us firstly show that

Im
(∥∥∥Ω(a;qa(‖refla‖0))prPH

1

∥∥∥
0

)
(‖lp‖0)→ H(‖lp‖0).

As ∼a is an equivalence relation on P̃ (a), by Lemma 3.5.3, it suffices to show that

qa (‖lp‖0) = qa (‖refla‖0) , (8.4.1)
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as

(qa (‖lp‖0) = qa (‖refla‖0)) ' ∼a (‖lp‖0, ‖refla‖0) ' H(‖lp‖0).

Stripping the truncation (using Theorem 3.3.7), it suffices to give a map∑
s:π1(

∑
s:A PH(s),(a;qa(‖refla‖0)))

(∥∥∥Ω(a;qa(‖refla‖0))prPH
1

∥∥∥
0

(s) = ‖lp‖0
)
→ H (‖lp‖0) .

As our goal is to prove H (‖lp‖0), which is a mere proposition, we may firstly apply Theorem
3.7.7 and then strip the truncation around π1 (

∑
s:A PH(s), (a; qa (‖refla‖0))) in the predicate on

the left hand side above (by Theorem 3.3.7) to assume that, without loss of generality, there is
some

p :
(

(a; qa (‖refla‖0)) = (a; qa (‖refla‖0))
)
,

for which ∥∥∥Ω(a;qa(‖refla‖0))prPH
1

∥∥∥ (‖p‖0) = ‖lp‖0.

By definition, we then have that ∥∥∥ap
pr

PH
1

(p)
∥∥∥

0
= ‖lp‖0.

By Theorem 3.3.9, we thus have that the type∥∥∥ap
pr

PH
1

(p) = lp
∥∥∥

is inhabited. Again, without loss of generality, we may strip the above truncation (due to Theorem
3.3.7) and assume that

ap
pr

PH
1

(p) = lp,

as our goal is to prove a mere proposition.

Applying the characterization of paths in the total space of a fibration with respect to paths in
each fiber (Theorem 3.1.5) for the path p, we get that there is a path ` : (a =A a) such that

transportPH (`, qa (‖refla‖0)) = qa (‖refla‖) (8.4.2)

and, by Lemma 3.1.6, we also have that

ap
pr

PH
1

(p) = `.

This implies that ` = lp, and so

transportPH (`, qa (‖refla‖0)) = transportPH (lp, qa (‖refla‖0)) . (8.4.3)

We then get that

transportPH (lp, qa (‖refla‖0)) = qa

(
transportx 7→‖a=Ax‖0 (lp, ‖refla‖0)

)
(8.4.4)

= qa

(∥∥∥transportx 7→(a=Ax) (lp, refla)
∥∥∥

0

)
(8.4.5)

= qa (‖lp‖0) , (8.4.6)

where in the first and second equalities above, we used Lemma 8.4.4, in the last equality we used
Lemma 3.1.8.

By equations (8.4.2) and (8.4.3), we also have that

transportPH (lp, qa (‖refla‖0)) = qa (‖refla‖0) .

Hence, by (8.4.4), we get that

qa (‖refla‖0) = qa (‖lp‖0) ,

and by (8.4.1), this first part of the proof is completed.
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Secondly, let us now show that

H(‖lp‖0)→ Im
(∥∥∥Ω(a,qa(‖refla‖0))prPH

1

∥∥∥
0

)
(‖lp‖0).

Remark that is suffices to show that there is some path

` :
(

(a; qa (‖refla‖0)) =∑
z:A PH(z) (a; qa (‖refla‖0))

)
such that apprH1

(`) = lp.

So, let us assume that we have H(‖lp‖0). By definition of the quotient, this implies that

qa (‖refla‖0) = qa (‖lp‖0) .

Then, observe that we can apply the chain of equalities in (8.4.4) backwards to obtain that

transportPH (lp, qa (‖refla‖0)) = qa (‖lp‖0) ,

and so
transportPH (lp, qa (‖refla‖0)) = qa (‖refla‖0) .

Thus, we now have a path
lp : (a =A a)

for which
transportPH (lp, qa (‖refla‖0)) = qa (‖refla‖0) .

By the characterization of paths in the total space of a fibration (Theorem 3.1.5), we then have a
path

` :
(

(a; qa (‖refla‖0)) =∑
z:A PH(z) (a; qa (‖refla‖0))

)
for which

apprH1
(`) = lp,

and so this concludes the proof of this second part. �

8.5. The classification of connected covering spaces

In this section, we are going to prove the classification of connected covering spaces within ho-
motopy type theory. This is the second instance in which we have deviated from the proof of
Claim 1 given in Section 2 and have chosen to formalize other results that are not related to that
respective proof.

We begin with finally stating and proving the Unique Lifting Property within homotopy type
theory. We remark that, unlike classical Mathematics, the proof of this statement is rather trivial,
and does not use any ideas from the set-theoretical proof. This is also due to the fact the statement
is slightly different than the one in, for instance, [16, Proposition 1.34].

Theorem 8.5.1 (Unique Lifting Property). Let (A, a) be a pointed type and let F : A → Set be
a covering space of A. Let (B, b) be a pointed connected type and let f : B → A be such that
f(b) ≡ a. Assume that f admits two lifts

f̃1, f̃2 : B →
∑
z:A

F (z).

Denote by

u1 :
∏
y:B

(
pr1(f̃1(y)) =A f(y)

)
and by

u2 :
∏
y:B

(
pr1(f̃2(y)) =A f(y)

)
,

the witnesses of the respective equalities, existing due to f̃1 and f̃2 being lifts of f . Assume that

transportF
(
u1(b),pr2(f̃1(b))

)
=F (a) transportF

(
u2(b),pr2(f̃2(b))

)
.
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Then, for every y : B, we have

transportF
(
u1(y),pr2(f̃1(y))

)
=F (f(y)) transportF

(
u2(y),pr2(f̃2(y))

)
Proof. Let y : B. As B is connected, we know that the type ‖b =B y‖ is inhabited.

We wish to prove that

transportF
(
u1(y),pr2(f̃1(y))

)
=F (f(y)) transportF

(
u2(y),pr2(f̃2(y))

)
which is a mere proposition, as an equality in a set.

As such, we can assume, without loss of generality, that we have b =B y (by Theorem 3.3.7).

Then, consider the predicate P : B → Prop defined as

P (z) :≡
(

transportF
(
u1(z),pr2(f̃1(z))

)
=F (f(y)) transportF

(
u2(z),pr2(f̃2(z))

))
,

for z : B. As we have a path p : (b =B y), we then have a transport map

transportP (p, ·) : P (b)→ P (y).

As P (b) is inhabited, we then have that P (y) is inhabited, and so the proof is complete. �

The above theorem gives us the “classical” unique lifting property, which states that the two lifts
are equal as maps.

Corollary 8.5.2. Under the assumptions of Theorem 8.5.1, we also have that

f̃1 = f̃2.

Proof. By function extensionality, we only need to prove that for all z : B,

f̃1(z) = f̃2(z).

By the characterization of paths in the total space of a fibration as paths in respective fibers
(Theorem 3.1.5), we need to find a path

p :
(

pr1(f̃1(z)) =A pr1(f̃2(z))
)
,

for which

transportF
(
p,pr2(f̃1(z))

)
= pr2(f̃1(z)).

Let us choose p :≡ u1(z) u2(z)−1. We then have that

transportF
(
u1(z) u2(z)−1,pr2(f̃1(z))

)
= transportF

(
u2(z)−1, transportF

(
u1(z),pr2(f̃1(z))

))
= transportF

(
u2(z)−1, transportF

(
u2(z),pr2(f̃2(z))

))
= pr2(f̃2(z)),

where in the first and third equalities we used the functorality properties of transport (Lemma
3.1.3), and in the second equality we used the hypotheses (from Theorem 8.5.1), and this concludes
the proof. �

With the above in mind, we can now state the classification of connected covering spaces within
homotopy type theory. Due to the machinery we have built so far (in particular, Theorem 8.3.5,
the lifting criterion), the proof of this result will follow the same ideas from classical Mathematics,
but will be slightly more involved.
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Theorem 8.5.3 (The classification of connected covering spaces). Let (A, a) be a pointed type,
and let F1, F2 : A→ Set be two pointed covering spaces of A, with distinguished points u1 : F1(a)
and u2 : F2(a). Assume that, for every g : π1(A, a), we have

Im
(∥∥∥Ω(a;u1)prF1

1

∥∥∥
0

)
(g) ' Im

(∥∥∥Ω(a;u2)prF2
1

∥∥∥
0

)
(g),

where prF1
1 and prF2

1 are the projections on the first component from the total space F1 and F2,
respectively.

Assume moreover that the total spaces of F1 and F2 are both connected. Then,∑
z:A

F1(z) '
∑
z:A

F2(z).

Proof. Consider the map

prF1
1 :

∑
z:A

F1(z)→ A.

By assumption and by the lifting criterion (Theorem 8.3.5), we have that prF1
1 admits a lift at the

base point (a;u2) in the total space of F2, i.e. there is a map

prF1
1 :

∑
z:A

F1(z)→
∑
z:A

F2(z),

for which
prF1

1 (a;u1) ≡ (a; s) with s =F2(a) u2, and prF2
1 ◦ prF1

1 = prF1
1 . (8.5.1)

Remark that, in particular, from the way the map prF1
1 is defined in the proof of the lifting criterion

(Theorem 8.3.5), we have that we can choose the homotopy

h1 :
∏

z:
∑

x:A F1(x)

(
prF2

1

(
prF1

1 (z)
)

= prF1
1 (z)

)
(8.5.2)

to be just the family of reflexivity paths.

Similarly, the map prF2
1 admits a lift prF2

1 at the base point (a;u1) in the total space of F2, i.e. a
there is a map

prF2
1 :

∑
z:A

F2(z)→
∑
z:A

F1(z),

for which
prF2

1 (a;u2) ≡ (a; t) with t =F1(a) u1, and prF1
1 ◦ prF2

1 = prF2
1 , (8.5.3)

and for which we can choose, in particular, the homotopy

h2 :
∏

z:
∑

x:A F2(x)

(
prF1

1

(
prF2

1 (z)
)

= prF2
1 (z)

)
(8.5.4)

to be the family of reflexivity paths.

Then, equations (8.5.2) and (8.5.4) immediately imply that

λz.
(
h1

(
prF1

1 (z)
)

h2(z)
)

:
∏

z:
∑

x:A F2(x)

(
prF2

1 ◦
(

prF1
1 ◦ prF2

1

)
= prF2

1

)
,

and

λz.
(
h2

(
prF1

1 (z)
)

h1(z)
)

:
∏

z:
∑

x:A F1(x)

(
prF1

1 ◦
(

prF2
1 ◦ prF1

1

)
= prF1

1

)
,

and the above witnesses are again both just the family of reflexivity paths. For simplicity, denote
by

h :≡ λz.
(
h1

(
prF1

1 (z)
)

h2(z)
)
,

and by

` :≡ λz.
(
h2

(
prF1

1 (z)
)

h1(z)
)
.
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Now, we wish to apply the Unique Lifting Property (Theorem 8.5.1 and Corollary 8.5.2) to conclude
that

prF1
1 ◦ prF2

1 = Id∑
z:A F2(z),

and that
prF2

1 ◦ prF1
1 = Id∑

z:A F1(z).

These two equations from above will imply that both maps from the left hand side are equivalences,
which is exactly what we needed to show.

Let us focus on proving only the first equality from above; the second one can be shown in an
analogous manner. Firstly, we remark that

Id∑
z:A F2(z)

is a lift of prF2
1 , as we have a witness

Q :
∏

s:
∑

x:A F2(x)

(
prF2

1

(
Id∑

z:A F2(z)(s)
)

= prF2
1 (s)

)
given by the family of reflexivity paths.

To apply the Unique Lifting Property (Corollary 8.5.2), we need to show that

transportF2

(
h(a;u2),prF2

2

(
prF1

1

(
prF2

1 (a;u2)
)))

=F2(a) transportF2

(
Q(a;u2),prF2

2 (a;u2)
)
.

By the definition of the family of paths Q, we only need to show that

transportF2

(
h(a;u2),prF2

2

(
prF1

1

(
prF2

1 (a;u2)
)))

=F2(a) prF2
2 (a;u2) ≡ u2.

By (8.5.1) and by the characterization of path in a total space via path in each fiber (Theorem
3.1.5), we have a path

w1 :
(

prF1
1 (a;u1) = (a;u2)

)
,

for which
ap

pr
F2
1

(w1) = refla ≡ h1(a;u2). (8.5.5)

Similarly, using (8.5.3) and Theorem 3.1.5, we have a path

w2 :
(

pr1
F2(a;u2) = (a;u1)

)
,

for which
ap

pr
F1
1

(w2) = refla ≡ h2(a;u2). (8.5.6)

We now claim that
h(a;u2) = ap

pr
F2
1 ◦pr

F1
1

(w2) ap
pr

F2
1

(w1). (8.5.7)

Let us prove this claim. By the properties of the apdh1
(cf. [1, Lemma 2.3.4]), we then have that

transport
z 7→
(

pr
F2
1

(
pr

F1
1 (z)

)
=pr

F1
1 (z)

) (
w−1

2 , h1(a;u1)
)

= h1

(
prF2

1 (a;u2)
)
. (8.5.8)

However, at the same time, by Lemma 3.1.9, we also have that

transport
z 7→
(

pr
F2
1

(
pr

F1
1 (z)

)
=pr

F1
1 (z)

) (
w−1

2 , h1(a;u1)
)

= ap
pr

F2
1 ◦pr

F1
1

(w2) h1(a;u1) ap
pr

F1
1

(w2)−1.

The above equation, together with (8.5.5) and (8.5.8), implies that

h1

(
prF2

1 (a;u2)
)

= ap
pr

F2
1 ◦pr

F1
1

(w2) ap
pr

F2
1

(w1) ap
pr

F1
1

(w2)−1.

By equation (8.5.6), the above implies that

h1

(
prF2

1 (a;u2)
)

h2(a;u2) = ap
pr

F2
1 ◦pr

F1
1

(w2) ap
pr

F2
1

(w1).



60

By the definition of h(a;u2), the above is equivalent with

h(a;u1) = ap
pr

F2
1 ◦pr

F1
1

(w2) ap
pr

F2
1

(w1),

and so this finishes the proof of the claim.

By (8.5.7), we then have that

transportF2 (h(a;u2), ·) = transportF2

(
ap

pr
F2
1 ◦pr

F1
1

(w2) ap
pr

F2
1

(w1), ·
)
.

By the functorality properties of the ap map, the above implies that

transportF2 (h(a;u2), ·) = transportF2

(
ap

pr
F2
1

(
ap

pr
F1
1

(w2) w1

)
, ·
)
. (8.5.9)

However, by definition, we see that the path

ap
pr

F1
1

(w2) w1

is of type

prF1
1

(
prF2

1 (a;u2)
)

= (a;u2).

By the characterization of path in the total space of a fibration and paths in each fiber (cf. Theorem
3.1.5), the above implies that

transportF2

(
ap

pr
F2
1

(
ap

pr
F1
1

(w2) w1

)
,prF2

2

(
prF1

1

(
prF2

1 (a;u2)
)))

= prF2
2 (a;u2) ≡ u2.

Thus, the above tells us that

transportF2

(
h(a;u2),prF2

2

(
prF1

1

(
prF2

1 (a;u2)
)))

= u2.

Hence, the Unique Lifting Property (Corollary 8.5.2) allows us to conclude that

prF1
1 ◦ prF2

1 = Id∑
z:A F2(z).

In an analogous manner, we can obtain that

prF2
1 ◦ prF1

1 = Id∑
z:A F1(z),

and so both maps from the above left hand side are equivalences (and inverses of each other),
which implies that ∑

z:A

F1(z) '
∑
z:A

F2(z),

and so the proof is finished. �
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9. Conclusion

In this thesis, we aimed to prove that there is no degree one map from the orientable genus g
surface to the orientable genus h surface when g < h. We discussed its classical proof and then
proceeded to formalize, within homotopy type theory, as many notions and results presented in
this proof as we could.

In Chapter 5, we started with defining a notion of degree of maps on the n-spheres, which was very
different from the set-theoretic definition. There, we examined a few different ways of describing
the degree of maps, for both pointed and unpointed maps. We have seen how to apply the principle
of unique choice to define a “consistent” notion of degree on the circle, Additionally, we have also
presented a more abstract way of defining the degree by enforcing the classical result of degree
being stable under taking suspensions.

We then continued with constructing the cellular homology theory for CW complexes, in Chapter
6. By defining CW complexes inductively using pushouts, this particular homology theory was
then represented in a very similar manner as in classical Mathematics. In Chapter 7, the closed ori-
entable genus g surfaces were then defined as a CW complex, and their homology and cohomology
groups were computed completely.

Then, in Chapter 8, we expanded the existing theory of covering spaces by proving several classical
results, such as the lifting criterion, the classification of subgroups induced by covering spaces,
and the classification of connected covering spaces. All of these proofs used similar ideas as their
counterparts in set-theoretic Mathematics, but also had to be adapted accordingly. Most of the
objects we dealt with, such as the image of a map and the homomorphism induced by a map, were
abstract entities in the sense that they were either (−1) or 0-truncated. In order to simplify the
assumptions we had, we have seen and learnt how to use many different ways of stripping these
truncations, in several different contexts, such as when hypotheses were of type of a total space
or a dependent product.

In fully proving our original claim, several results are still left to be formalized within homotopy
type theory. One of the most crucial theorems we need to prove is that the cellular homology
theory we have previously described is indeed a homology theory. More precisely, we must still
show that, in full generality, the cellular chain complex is indeed a chain complex, even though,
in particular, concrete examples, this has always been the case.

Considering the homology theory we have chosen, another important statement that must now
be proven is the fact that a covering space of a CW complex is a CW complex itself. This must
then be used to compute the top-dimensional homology groups of a covering space, depending on
whether or not it is “finitely” or “infinitely” sheeted.

Another aspect that we need to finalize is the formal computation of the fundamental groups of
the closed orientable genus g surfaces. This can be done as in classical Mathematics, using the
homotopy type theoretic version of the Seifert-van Kampen theorem, which was proven in [10].

Lastly, from a more general point of view, most of the classical theory of covering spaces has now
been translated within homotopy type theory.
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