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Language models

Language model: predicts next word in a sentence. 

 


A language model parameterises the probability                                  . Parameters are 
determined by training. For example, for                                                         , 

Assign probability to sentence:

2

<latexit sha1_base64="/qNdtJS3Kqz2jXDBcf9aXUoYSB4="></latexit>x1
<latexit sha1_base64="gMQTrSblK0loNQ4cpyOuERmCsfo="></latexit>x2

<latexit sha1_base64="z2yH8bH3BsPLkTqWKFJIf+Z2sTE="></latexit>x3
<latexit sha1_base64="yXh8Qc5OwdsNzspQLRNuwrFMe8g="></latexit>x4

<latexit sha1_base64="GKUXHQVdyxa9v7optMn3lWf/SSI="></latexit>x5
<latexit sha1_base64="WagPPNC0OzHaQYLB4jUPY4A3B3s="></latexit>x6

<latexit sha1_base64="lqF4IWES3kgUKPyceM5MeWWzH5U="></latexit>x7
<latexit sha1_base64="CkKflrdJGt/LnxTjJPqdtKS646A="></latexit>x8

<latexit sha1_base64="yCQmsG1dPmbZ7oRnsLa1uO6FxY8="></latexit>x9

<latexit sha1_base64="6gLq7lhZMrSViCO8H8s9b+pJtsY="></latexit>

p(xt+1|xt, . . . , x1)
<latexit sha1_base64="3DEQzXy1YDRYtIIyFekPirqXByI="></latexit>

x1, x2, x3 = the , quick , brown
<latexit sha1_base64="XTxQ5YrYm79hh0nf4+jr2f0YSD4="></latexit>

p(x4 = fox) � p(x4 = butter)

<latexit sha1_base64="9NUSMnCX6Oao+lKUlI7wPzOTTuA="></latexit>

p(xT , . . . , x1) =
TY

t

p(xt|xt�1, . . . , x1)

<latexit sha1_base64="ZqaP0Mr83DNxG32SY3oKYv5Un8E=">AAACF3icbVDLSkMxFMytr1pfVZdugkVwIeXeItplwY3LCn1BW0pumraxuck1OVFr6U+480/ciS7EreDGvzF9LLR1IDDMnEPmTBgLbsD3v73E0vLK6lpyPbWxubW9k97dqxhlNWVlqoTStZAYJrhkZeAgWC3WjEShYNWwfzH2q7dMG65kCQYxa0akK3mHUwJOaqVPSj2GbyynfRxqdSdxR93jaxvFBiu3h8HZgjwMcFt1s610xs/6E+BFEsxIBs1QbKW/Gm1FbcQkUEGMqQd+DM0h0cCpYKNUwxoWE9onXVZ3VJKImeZwctUIHzml7fJo9yTgifp7Y0giYwZR6CYjAj0z743F/7y6hU6+OeQytsAknX7UsQKDwuOKcJtrRkEMMKHUJbcEXA7aI5pQcFWmXA3B/NGLpJLLBmfZ06tcppCfFZJEB+gQHaMAnaMCukRFVEYUPaJn9IrevCfvxXv3PqajCW+2s4/+wPv8ARNun0g=</latexit>

The quick brown fox jumps over the lazy dog. wikipedia.org

Linander, The mathematics behind large language models (2023)



Encoding

For the machine to interpret text, need to map vocabulary to numbers.  

One possibility is to map the words (tokens) in the dictionary to integers (token ID)  
as follows   

In a second step, one embeds the words to row vectors. Schematically  

       
           word 

            token ID 

            embedding 
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Lipton et al. (2015) arxiv:1506.00019

<latexit sha1_base64="KyMb4Ol/aX/uCsujDM5bMfANjl0="></latexit>

a = 1 , aardvark = 2 , . . .

<latexit sha1_base64="abBmeu0FXGqljO9dW3cEJ6o2kQM="></latexit>a
<latexit sha1_base64="Xt/Z6CtUHQn3sRQgQlyrAC/0DII="></latexit>

1

<latexit sha1_base64="fTdbM+JH7lgURlj5aF9bi9Pr+qE="></latexit>

[0.3, 0.8, 0.1]
<latexit sha1_base64="LgDL7JGjanR4OBmSXMuEd7FMDCI="></latexit>

[0.9, 0.2, 0.4]

<latexit sha1_base64="oM9NrWKo0DhA9aFNMnW47OyB5T8="></latexit>

aardvark
<latexit sha1_base64="JDQlnEdh+Caoc1BPl/aIwWhgkHo="></latexit>
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<latexit sha1_base64="fWylO5+ZQm/Ft5KOO0g3uEhnuoM="></latexit>. . .
<latexit sha1_base64="fWylO5+ZQm/Ft5KOO0g3uEhnuoM="></latexit>. . .

<latexit sha1_base64="fWylO5+ZQm/Ft5KOO0g3uEhnuoM="></latexit>. . .

Linander, The mathematics behind large language models (2023)



Training recurrent networks

Unfold the recurrent network for machine translation. 
Train it using data set of translated sentences by backpropagation through time. 
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O(1)
<latexit sha1_base64="FogtYnBpXLZPHCvMM+0rIi5FYwo="></latexit><latexit sha1_base64="FogtYnBpXLZPHCvMM+0rIi5FYwo="></latexit><latexit sha1_base64="FogtYnBpXLZPHCvMM+0rIi5FYwo="></latexit><latexit sha1_base64="FogtYnBpXLZPHCvMM+0rIi5FYwo="></latexit>

O(2)
<latexit sha1_base64="8/CnTwluSNgh28/mM+QgPlYClS0="></latexit><latexit sha1_base64="8/CnTwluSNgh28/mM+QgPlYClS0="></latexit><latexit sha1_base64="8/CnTwluSNgh28/mM+QgPlYClS0="></latexit><latexit sha1_base64="8/CnTwluSNgh28/mM+QgPlYClS0="></latexit>

O(T )
<latexit sha1_base64="uBHITMAgvDyyTT7tjGNKw1TUeOU="></latexit><latexit sha1_base64="pSouhoorH5epXdoEKoNCefa7G3k="></latexit><latexit sha1_base64="pSouhoorH5epXdoEKoNCefa7G3k="></latexit><latexit sha1_base64="907N2qD0e6LlytH3ntqh8WxXW/w="></latexit>

x(T )
<latexit sha1_base64="6TxuT+nNDkWlBoWgJ8vB48DjlrQ="></latexit><latexit sha1_base64="js+OqlVX94Uq7TkqcAVICyNzOL8="></latexit><latexit sha1_base64="js+OqlVX94Uq7TkqcAVICyNzOL8="></latexit><latexit sha1_base64="HJ/A4tN5JTE3r0125xXzSGOsvkk="></latexit>

x(2)
<latexit sha1_base64="xLg6u21OTZIyxfYXvWBo9VP9lGU="></latexit><latexit sha1_base64="I3Gud8qFmj0rgHSB9Rwk4RfRPJQ="></latexit><latexit sha1_base64="I3Gud8qFmj0rgHSB9Rwk4RfRPJQ="></latexit><latexit sha1_base64="xkFm/MepSICdlkPZsLMe2Ul2+XM="></latexit>

x(1)
<latexit sha1_base64="R7FjpKGRB6YH1dJjiekWmsLf90s="></latexit><latexit sha1_base64="xCqLotA+SOAeRXKqFFt3kwwLeg4="></latexit><latexit sha1_base64="xCqLotA+SOAeRXKqFFt3kwwLeg4="></latexit><latexit sha1_base64="Cp2dkOFM3Bgi0cU82hdASzpDS+E="></latexit>

V (0)
<latexit sha1_base64="ptZizgcV796E5JW4r+j0ZcbclQ8="></latexit><latexit sha1_base64="SK3kiweJoYWQEuI82IiKtpkbVlU="></latexit><latexit sha1_base64="SK3kiweJoYWQEuI82IiKtpkbVlU="></latexit><latexit sha1_base64="kh7BFlMOM4scOmjO/9KJkG+rOsA="></latexit>

V (1)
<latexit sha1_base64="hiykhT51y/DN6CvBc7aHUKb5DYM="></latexit><latexit sha1_base64="xL2+TN8i2tjo/ZbnOlQiKkCb6wc="></latexit><latexit sha1_base64="xL2+TN8i2tjo/ZbnOlQiKkCb6wc="></latexit><latexit sha1_base64="cmepfoRrYYj3lAWWx8RCU++i0oo="></latexit>

V (T )
<latexit sha1_base64="Jt/1IHh4D8d7fyvulfU4oTRyZ18="></latexit><latexit sha1_base64="Xh5ITTgLJ4LSuah8LGZn2zW797E="></latexit><latexit sha1_base64="Xh5ITTgLJ4LSuah8LGZn2zW797E="></latexit><latexit sha1_base64="xXrascPYRBF1KByUjRBg8B3khaY="></latexit>

w(vv)
<latexit sha1_base64="JSbEFpDfWbbEAM54ibNvjKXR2YA="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="Fb9Lpvot9qSA+qZtrFx6ZXZpN6I="></latexit>

w(ov)
<latexit sha1_base64="KqPYsqRKs4gr5QbN3beQc/9gb80="></latexit><latexit sha1_base64="TpiPj8WZaV43xvF9hp8cSgAmkSg="></latexit><latexit sha1_base64="TpiPj8WZaV43xvF9hp8cSgAmkSg="></latexit><latexit sha1_base64="YL2ZRQRG5m1E+6z8EnU2J8XhUGY="></latexit>

w(vx)
<latexit sha1_base64="SQtRz16b36j9deHQ/uRqSsbDTaY="></latexit><latexit sha1_base64="CB68LVB5n6Sr9JHZvYI7tFpozpc="></latexit><latexit sha1_base64="CB68LVB5n6Sr9JHZvYI7tFpozpc="></latexit><latexit sha1_base64="XXVdtpTIbCWfo34Bisiw4o7FYxc="></latexit>

w(vx)
<latexit sha1_base64="SQtRz16b36j9deHQ/uRqSsbDTaY="></latexit><latexit sha1_base64="CB68LVB5n6Sr9JHZvYI7tFpozpc="></latexit><latexit sha1_base64="CB68LVB5n6Sr9JHZvYI7tFpozpc="></latexit><latexit sha1_base64="XXVdtpTIbCWfo34Bisiw4o7FYxc="></latexit>

V (t)
<latexit sha1_base64="HCjXpZ0uL/rjJ7CBP0+aPlgh4tI="></latexit><latexit sha1_base64="LTo0ioxpbm5hfzMio2DjfyjTTY8="></latexit><latexit sha1_base64="LTo0ioxpbm5hfzMio2DjfyjTTY8="></latexit><latexit sha1_base64="0ntR7qHTMBVC8fBDO2zrT195EYM="></latexit>

O(t)
<latexit sha1_base64="0C644dXSnpKwAzbOfT674UquiUM="></latexit><latexit sha1_base64="r/loGeYEt0xbuL3ZfUBYcoYsbYA="></latexit><latexit sha1_base64="r/loGeYEt0xbuL3ZfUBYcoYsbYA="></latexit><latexit sha1_base64="DL+StzeR59gCdxpkNPulBw+sfyQ="></latexit>

x(t)
<latexit sha1_base64="F0HNr7wT3KEVfkWGX5w888o3Dpo="></latexit><latexit sha1_base64="cfdj4t8CReUNc6QER0N9KyJl5Yk="></latexit><latexit sha1_base64="cfdj4t8CReUNc6QER0N9KyJl5Yk="></latexit><latexit sha1_base64="wW7/0zZtGtV4TpirJWQmMYG0qYo="></latexit>

. . .
<latexit sha1_base64="5vJsaCDap1Fs6d8/WgShPYt+yFs="></latexit><latexit sha1_base64="2O7z6vUyari98yOnsZcH1ZbJZ74="></latexit><latexit sha1_base64="2O7z6vUyari98yOnsZcH1ZbJZ74="></latexit><latexit sha1_base64="i52ak1CI+OXqiFcydHzZPziqUNY="></latexit>

w(vv)
<latexit sha1_base64="JSbEFpDfWbbEAM54ibNvjKXR2YA="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="Fb9Lpvot9qSA+qZtrFx6ZXZpN6I="></latexit>

w(vv)
<latexit sha1_base64="JSbEFpDfWbbEAM54ibNvjKXR2YA="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="Fb9Lpvot9qSA+qZtrFx6ZXZpN6I="></latexit>

w(vv)
<latexit sha1_base64="JSbEFpDfWbbEAM54ibNvjKXR2YA="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="Fb9Lpvot9qSA+qZtrFx6ZXZpN6I="></latexit>

w(vv)
<latexit sha1_base64="JSbEFpDfWbbEAM54ibNvjKXR2YA="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="Fb9Lpvot9qSA+qZtrFx6ZXZpN6I="></latexit>

. . .
<latexit sha1_base64="5vJsaCDap1Fs6d8/WgShPYt+yFs="></latexit><latexit sha1_base64="2O7z6vUyari98yOnsZcH1ZbJZ74="></latexit><latexit sha1_base64="2O7z6vUyari98yOnsZcH1ZbJZ74="></latexit><latexit sha1_base64="i52ak1CI+OXqiFcydHzZPziqUNY="></latexit>

w(vv)
<latexit sha1_base64="JSbEFpDfWbbEAM54ibNvjKXR2YA="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="kQxl40fJng4PSBIOLOa9sp4Gbl0="></latexit><latexit sha1_base64="Fb9Lpvot9qSA+qZtrFx6ZXZpN6I="></latexit>



Vanishing-gradient problem

Create short cuts by replacing hidden neurons with units that can either map input non-
linearly or short cut it,                          , depending on trainable parameters. 

         
 
 
 
 
 
Different versions: LSTM or GRU. 

The unit short cuts when  
             . 
          . 

Additional parameters (weights and 
thresholds are trained in the usual  
fashion).  
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V (t � 1)
<latexit sha1_base64="SABh1tKmT1sLT2g30UuABGWzpIQ="></latexit><latexit sha1_base64="dUAnvXOlWIIMs7pD+g+Kq1SJzyc="></latexit><latexit sha1_base64="dUAnvXOlWIIMs7pD+g+Kq1SJzyc="></latexit><latexit sha1_base64="kgs0YgVQd1d3lJodH6by9xRrmAQ="></latexit>

GRU
<latexit sha1_base64="BYpES/aq2Ki/pb/y0XTqtSryBhM="></latexit><latexit sha1_base64="xC/PmfTOpkAo7O7p2FZPPN2LZB8="></latexit><latexit sha1_base64="xC/PmfTOpkAo7O7p2FZPPN2LZB8="></latexit><latexit sha1_base64="UIHef1ulPW2nEucE9NUw/xqKKZY="></latexit>

V (t)
<latexit sha1_base64="HCjXpZ0uL/rjJ7CBP0+aPlgh4tI="></latexit><latexit sha1_base64="LTo0ioxpbm5hfzMio2DjfyjTTY8="></latexit><latexit sha1_base64="LTo0ioxpbm5hfzMio2DjfyjTTY8="></latexit><latexit sha1_base64="0ntR7qHTMBVC8fBDO2zrT195EYM="></latexit>

x(t)
<latexit sha1_base64="F0HNr7wT3KEVfkWGX5w888o3Dpo="></latexit><latexit sha1_base64="cfdj4t8CReUNc6QER0N9KyJl5Yk="></latexit><latexit sha1_base64="cfdj4t8CReUNc6QER0N9KyJl5Yk="></latexit><latexit sha1_base64="wW7/0zZtGtV4TpirJWQmMYG0qYo="></latexit>

V (t)
<latexit sha1_base64="HCjXpZ0uL/rjJ7CBP0+aPlgh4tI="></latexit><latexit sha1_base64="LTo0ioxpbm5hfzMio2DjfyjTTY8="></latexit><latexit sha1_base64="LTo0ioxpbm5hfzMio2DjfyjTTY8="></latexit><latexit sha1_base64="0ntR7qHTMBVC8fBDO2zrT195EYM="></latexit>

x(t)
<latexit sha1_base64="F0HNr7wT3KEVfkWGX5w888o3Dpo="></latexit><latexit sha1_base64="cfdj4t8CReUNc6QER0N9KyJl5Yk="></latexit><latexit sha1_base64="cfdj4t8CReUNc6QER0N9KyJl5Yk="></latexit><latexit sha1_base64="wW7/0zZtGtV4TpirJWQmMYG0qYo="></latexit>

V (t � 1)
<latexit sha1_base64="SABh1tKmT1sLT2g30UuABGWzpIQ="></latexit><latexit sha1_base64="dUAnvXOlWIIMs7pD+g+Kq1SJzyc="></latexit><latexit sha1_base64="dUAnvXOlWIIMs7pD+g+Kq1SJzyc="></latexit><latexit sha1_base64="kgs0YgVQd1d3lJodH6by9xRrmAQ="></latexit>

GRU
<latexit sha1_base64="BYpES/aq2Ki/pb/y0XTqtSryBhM="></latexit><latexit sha1_base64="xC/PmfTOpkAo7O7p2FZPPN2LZB8="></latexit><latexit sha1_base64="xC/PmfTOpkAo7O7p2FZPPN2LZB8="></latexit><latexit sha1_base64="UIHef1ulPW2nEucE9NUw/xqKKZY="></latexit>

<latexit sha1_base64="SQoHYho6LiVuVyHdEuwgjkYgiG8="></latexit>

V (t) = V (t� 1)

<latexit sha1_base64="N8qCxY2mkFnzNaoMSdFGy1wIFVQ="></latexit>

zm(t) = �
�X

k

w(zx)
mk xk(t) +

X

j

w(zv)
mj Vj(t� 1)

�
,

rn(t) = �
�X

k

w(rx)
nk xk(t) +

X

j

w(rv)
nj Vj(t� 1)

�
,

hi(t) = g
�X

k

w(hx)
ik xk(t) +

X

j

w(hv)
ij rj(t)Vj(t� 1)

�
,

Vi(t) = [1� zi(t)]hi(t) + zi(t)Vi(t� 1) .

<latexit sha1_base64="1jeE8zZ3hAxHZ7ZidEcbDA64Vok="></latexit>

zm = 1

Hochreiter & Schmidhuber, Neural Computation 9 (1997)



Machine translation

Recurrent network for machine translation
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was
<latexit sha1_base64="S92c9OvX6aNikqKpTC7Yqlr84f0="></latexit><latexit sha1_base64="+TCn0tqtEVh4D1JM3JZsOQvtVkc="></latexit><latexit sha1_base64="+TCn0tqtEVh4D1JM3JZsOQvtVkc="></latexit><latexit sha1_base64="2P4c4vPA752c+71WU36MdgFUa5k="></latexit>Anfang

<latexit sha1_base64="/2P9p7rpwmbJiCh1xrn8unonDYQ="></latexit><latexit sha1_base64="+EhmmMkBmVQzZxMPrF7xjV2/WL4="></latexit><latexit sha1_base64="+EhmmMkBmVQzZxMPrF7xjV2/WL4="></latexit><latexit sha1_base64="YhWz73yrob9c+RJhGfc57yAJOKA="></latexit>

LSTM1
<latexit sha1_base64="9cJ8VEpdHYEa9CdimZdtG13EAfI="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="rXO4iiMPSriuk5X9FxJASGeoAZg="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

In
<latexit sha1_base64="5vghzZfDEg0NpaEnJX70qSFgHos="></latexit><latexit sha1_base64="xZIbYL8vgyw830wA+k+vEMZ31Lk="></latexit><latexit sha1_base64="xZIbYL8vgyw830wA+k+vEMZ31Lk="></latexit><latexit sha1_base64="KnQ/CEj8r6Pr1DPhZ+W2wl+NlZs="></latexit>

the
<latexit sha1_base64="Ar9CElOG6QqHn6oUuJ0vz+6evak="></latexit><latexit sha1_base64="8PhfVAIY7inctPZvjVQVuXqbrHM="></latexit><latexit sha1_base64="8PhfVAIY7inctPZvjVQVuXqbrHM="></latexit><latexit sha1_base64="y8HNSaiTfjCTyRhiGTa6+S5xA8c="></latexit>

beginning
<latexit sha1_base64="szwJ9rwoZ/XbhXGgUN1yLhvWkCA="></latexit><latexit sha1_base64="6/euJs/ZGm7mH00W4bgBETJG9Ec="></latexit><latexit sha1_base64="6/euJs/ZGm7mH00W4bgBETJG9Ec="></latexit><latexit sha1_base64="7d2Pa0IEs2NJLgwttpLy7RJsJIs="></latexit>

there
<latexit sha1_base64="OawF+EmtJ8/NAcmG7veYzUmJjh4="></latexit><latexit sha1_base64="WdUV3TopUWfN2wMdOUo9JTRiK6A="></latexit><latexit sha1_base64="WdUV3TopUWfN2wMdOUo9JTRiK6A="></latexit><latexit sha1_base64="COF3EJy9XcYfdHzX9ZpRaWIsY4Y="></latexit>

chaos
<latexit sha1_base64="fhNxTStr96mY+CYJIAtJnKzp3ig="></latexit><latexit sha1_base64="RBc4zO5KDXNpdOWemBbSvljcq6s="></latexit><latexit sha1_base64="RBc4zO5KDXNpdOWemBbSvljcq6s="></latexit><latexit sha1_base64="bUduG9inansUKAf2WnbvS8Da1/k="></latexit>

was
<latexit sha1_base64="S92c9OvX6aNikqKpTC7Yqlr84f0="></latexit><latexit sha1_base64="+TCn0tqtEVh4D1JM3JZsOQvtVkc="></latexit><latexit sha1_base64="+TCn0tqtEVh4D1JM3JZsOQvtVkc="></latexit><latexit sha1_base64="2P4c4vPA752c+71WU36MdgFUa5k="></latexit>

In
<latexit sha1_base64="5vghzZfDEg0NpaEnJX70qSFgHos="></latexit><latexit sha1_base64="xZIbYL8vgyw830wA+k+vEMZ31Lk="></latexit><latexit sha1_base64="xZIbYL8vgyw830wA+k+vEMZ31Lk="></latexit><latexit sha1_base64="KnQ/CEj8r6Pr1DPhZ+W2wl+NlZs="></latexit>

the
<latexit sha1_base64="Ar9CElOG6QqHn6oUuJ0vz+6evak="></latexit><latexit sha1_base64="8PhfVAIY7inctPZvjVQVuXqbrHM="></latexit><latexit sha1_base64="8PhfVAIY7inctPZvjVQVuXqbrHM="></latexit><latexit sha1_base64="y8HNSaiTfjCTyRhiGTa6+S5xA8c="></latexit>

beginning
<latexit sha1_base64="szwJ9rwoZ/XbhXGgUN1yLhvWkCA="></latexit><latexit sha1_base64="6/euJs/ZGm7mH00W4bgBETJG9Ec="></latexit><latexit sha1_base64="6/euJs/ZGm7mH00W4bgBETJG9Ec="></latexit><latexit sha1_base64="7d2Pa0IEs2NJLgwttpLy7RJsJIs="></latexit>

there
<latexit sha1_base64="OawF+EmtJ8/NAcmG7veYzUmJjh4="></latexit><latexit sha1_base64="WdUV3TopUWfN2wMdOUo9JTRiK6A="></latexit><latexit sha1_base64="WdUV3TopUWfN2wMdOUo9JTRiK6A="></latexit><latexit sha1_base64="COF3EJy9XcYfdHzX9ZpRaWIsY4Y="></latexit>

chaos
<latexit sha1_base64="fhNxTStr96mY+CYJIAtJnKzp3ig="></latexit><latexit sha1_base64="RBc4zO5KDXNpdOWemBbSvljcq6s="></latexit><latexit sha1_base64="RBc4zO5KDXNpdOWemBbSvljcq6s="></latexit><latexit sha1_base64="bUduG9inansUKAf2WnbvS8Da1/k="></latexit>

< EOS >
<latexit sha1_base64="9P6u01SZPqh20OHAQREZN9zHxcI="></latexit><latexit sha1_base64="Mg6TFxsVnbqL0btJCJf71f8dKTQ="></latexit><latexit sha1_base64="Mg6TFxsVnbqL0btJCJf71f8dKTQ="></latexit><latexit sha1_base64="ZmTSLCS5Gu5tIY1xe4w0hG+75wY="></latexit>

Am
<latexit sha1_base64="C7aKf7E9XnPRXpllEJcUhBNIbG8="></latexit><latexit sha1_base64="UvUOMJ2OsTTVcbC1JhhY86skLpU="></latexit><latexit sha1_base64="UvUOMJ2OsTTVcbC1JhhY86skLpU="></latexit><latexit sha1_base64="XE2IM1r5qGj52vmaLglbNTtPpSw="></latexit>

war
<latexit sha1_base64="fYVzz30jll/AtbMyxYYuIdSXFo4="></latexit><latexit sha1_base64="IkOuH5/6Bgstq2cjx9vO0YxRCdg="></latexit><latexit sha1_base64="IkOuH5/6Bgstq2cjx9vO0YxRCdg="></latexit><latexit sha1_base64="PNbxgpGRksIsLM6+/9+BQLupiLM="></latexit>Chaos

<latexit sha1_base64="nOjJjZXShiZfZfWU0/igfrN4ukk="></latexit><latexit sha1_base64="oTn2GDMLOeiumOyjqlJvfQJ90q8="></latexit><latexit sha1_base64="oTn2GDMLOeiumOyjqlJvfQJ90q8="></latexit><latexit sha1_base64="OENsmgMiluAmBDlhZhNksJjFgHc="></latexit>

< EOS >
<latexit sha1_base64="9P6u01SZPqh20OHAQREZN9zHxcI="></latexit><latexit sha1_base64="Mg6TFxsVnbqL0btJCJf71f8dKTQ="></latexit><latexit sha1_base64="Mg6TFxsVnbqL0btJCJf71f8dKTQ="></latexit><latexit sha1_base64="ZmTSLCS5Gu5tIY1xe4w0hG+75wY="></latexit>

LSTM1
<latexit sha1_base64="9cJ8VEpdHYEa9CdimZdtG13EAfI="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="rXO4iiMPSriuk5X9FxJASGeoAZg="></latexit>

LSTM1
<latexit sha1_base64="9cJ8VEpdHYEa9CdimZdtG13EAfI="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="rXO4iiMPSriuk5X9FxJASGeoAZg="></latexit>

LSTM1
<latexit sha1_base64="9cJ8VEpdHYEa9CdimZdtG13EAfI="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="smJHQI9NjDmrP9E4igOxxB9h/20="></latexit><latexit sha1_base64="rXO4iiMPSriuk5X9FxJASGeoAZg="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

LSTM2
<latexit sha1_base64="G15TfGCl9ExAewugx9hVUbuQnBU="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="ZMQaRJHu5tFwIfmea1mdrRdjKes="></latexit><latexit sha1_base64="2gsiGL9hOGZ7b/bJmCr/zF1jD5E="></latexit>

Sutskever et al., NIPS 27 (2014)



Bi-directional recurrent neural nets

Improved algorithm for machine translation uses bi-directional recurrent neural network. 

Google translate. 
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x(t � 1)
<latexit sha1_base64="LyZ2vzFacMrmT1jW8Dd43kdMRkA="></latexit><latexit sha1_base64="AN1Q7PUc5dD/mCnJLt1wzl5EX6o="></latexit><latexit sha1_base64="AN1Q7PUc5dD/mCnJLt1wzl5EX6o="></latexit><latexit sha1_base64="unPK4CAU78H993t9SXf/wm2RCO8="></latexit>

x(t)
<latexit sha1_base64="4c6P+reiyi8dmjOxtI6CuzLbb8A="></latexit><latexit sha1_base64="KN5Pl8YNblV75BfPIohUMp1U6nM="></latexit><latexit sha1_base64="KN5Pl8YNblV75BfPIohUMp1U6nM="></latexit><latexit sha1_base64="C/z34SptUi7uFpK4Rltp4DgTBwA="></latexit>

x(t +1)
<latexit sha1_base64="mP4Fu2NEE2X1PXEbSBQosxB5U/U="></latexit><latexit sha1_base64="2TOSMlBjleFNTnkamH2vJcU5KUU="></latexit><latexit sha1_base64="2TOSMlBjleFNTnkamH2vJcU5KUU="></latexit><latexit sha1_base64="IXvS4UcDIz9SV4F1vsZ9QlJslb8="></latexit>

forward
<latexit sha1_base64="iZqfhvrTm/O7Bg5Y2K5KcrPSOZY="></latexit><latexit sha1_base64="yRiP02lbC5PnOziq2RXxGWYcSoQ="></latexit><latexit sha1_base64="yRiP02lbC5PnOziq2RXxGWYcSoQ="></latexit><latexit sha1_base64="+azXtmxcniELNBV7ksurxg1yikM="></latexit>

backward
<latexit sha1_base64="z6LiJ3B6h1MvaBdCRxuQbDhnr/8="></latexit><latexit sha1_base64="w6+pmvEysCcJcsaeQtv4bauB4S4="></latexit><latexit sha1_base64="w6+pmvEysCcJcsaeQtv4bauB4S4="></latexit><latexit sha1_base64="RB91UYezHMv7YIh9TUDYTZGGO1U="></latexit>

V (t � 1)
<latexit sha1_base64="rqCWRE/ktWdCpyhL9EF6w/WTJlw="></latexit><latexit sha1_base64="Y4GRwN9hII1mJX/D4Fg0dxc/I64="></latexit><latexit sha1_base64="Y4GRwN9hII1mJX/D4Fg0dxc/I64="></latexit><latexit sha1_base64="IIrOP1KFw/Uc77KDmu7lsRwTMRE="></latexit>

V (t)
<latexit sha1_base64="suVc8SL0V6VctrNtsYRi23D5d94="></latexit><latexit sha1_base64="eQhZbDkokHmf3sQYGiAii6iqgyU="></latexit><latexit sha1_base64="eQhZbDkokHmf3sQYGiAii6iqgyU="></latexit><latexit sha1_base64="E+6LzVvaa6uzXBml1+Izovb27jY="></latexit>

V (t +1)
<latexit sha1_base64="d3HOCZydjaCGtFY9mYEd1bWQok4="></latexit><latexit sha1_base64="6HdG9/WqRv3nxOna6D5KmsB0lPU="></latexit><latexit sha1_base64="6HdG9/WqRv3nxOna6D5KmsB0lPU="></latexit><latexit sha1_base64="Qh9rt2tlnVHcilgWqhZWFXbgFF8="></latexit>

U(t +1)
<latexit sha1_base64="TGm9rgWt49XROiqkcgtYRBwttc8="></latexit><latexit sha1_base64="Mq/hI0SqhtXAfmtTdQkX8y3X4+Q="></latexit><latexit sha1_base64="Mq/hI0SqhtXAfmtTdQkX8y3X4+Q="></latexit><latexit sha1_base64="S4Ku9X3qXmWmIQD4cXpqauL4VwE="></latexit>

U(t)
<latexit sha1_base64="oR6zf4HuV2la05zdbhyZd/Pcqi0="></latexit><latexit sha1_base64="+cvD78/YL5W+fpj97cM4TR4kfG4="></latexit><latexit sha1_base64="+cvD78/YL5W+fpj97cM4TR4kfG4="></latexit><latexit sha1_base64="1e1NHUIoXtajLt5UGiwoKewPlEA="></latexit>

U(t � 1)
<latexit sha1_base64="L60lDZRKUb4jXetUOOTaZZcYIoQ="></latexit><latexit sha1_base64="AkYwZnKS7uj+q09sc9MJ2Ac55KM="></latexit><latexit sha1_base64="AkYwZnKS7uj+q09sc9MJ2Ac55KM="></latexit><latexit sha1_base64="BDkjdbsi8ebiFcSOwMB/tLMj3gE="></latexit>

O(t � 1)
<latexit sha1_base64="sTHfv4L/AOo/uPJyRtSQcIb48/0="></latexit><latexit sha1_base64="8DOONsCshATbx2VXV3VZ3fYxcKk="></latexit><latexit sha1_base64="8DOONsCshATbx2VXV3VZ3fYxcKk="></latexit><latexit sha1_base64="FpRgwnKWnPyEawdNATsXjxnDMkQ="></latexit>

O(t)
<latexit sha1_base64="BRpOafT2NA+V0YfTo7Sc6T/lXB8="></latexit><latexit sha1_base64="1+DBoYpOg9VkYCuCP08ayngG8q8="></latexit><latexit sha1_base64="1+DBoYpOg9VkYCuCP08ayngG8q8="></latexit><latexit sha1_base64="Mp9COMmbm5pCB5EJOiDKV65CEwA="></latexit>

O(t +1)
<latexit sha1_base64="EOwf9x3QdUrIimi99CKbEuW6XwQ="></latexit><latexit sha1_base64="yHd/Mtxo6OQMgVjJcQqF7x7LwqM="></latexit><latexit sha1_base64="yHd/Mtxo6OQMgVjJcQqF7x7LwqM="></latexit><latexit sha1_base64="vPMMD40AhJFJ7m0YoqpBCVQl044="></latexit>

Lipton et al. (2015) arxiv:1506.00019

Wu et al., Google’s Neural Machine Translation System: Bridging the Gap between Human  
and Machine Translation, arxiv1609.08144



Dependencies

Attention mechanism designed to  
Represent long-range correlations. 

The colours represent long-range 
dependencies (correlations) that 
the machine has learnt. Different  
columns (   ) correspond to different  
attention heads. 

For instance, the verb                 
depends strongly on            and 
              , reflecting the likely sequence 

How does it work?  
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Vaswani et al. (2017) arxiv:1706.03762

<latexit sha1_base64="GMT++7SZYCE4hBXTmodHC7seuA8="></latexit>

making
<latexit sha1_base64="3LgSQVARmgq4mrrb0Y0S8qfsD4g="></latexit>more

<latexit sha1_base64="IyvEpyJLddH+Mph4qAxGSvaZVGI="></latexit>

di�cult
<latexit sha1_base64="/F+Xy9VvGRjDZA2nVCyW8SEOvu8="></latexit>

making . . . more di�cult



Attention
Penke, A mathematician’s introduction to transformers and large language models (2022) 
Durafsky & Martin, Speech and language processing (2021)
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An attention layer maps a sequence 
                  to an output sequence 
                  of the same length. 

<latexit sha1_base64="xo+L1LHlTkoC7I2wQzj49ZVot6A="></latexit>x1, . . . ,xT
<latexit sha1_base64="LUo3rBbleskMUP6PPbs8Z/UYR78="></latexit>y1, . . . ,yT

<latexit sha1_base64="GqN26V1BBSPl5U8YSXCEx06MSIw="></latexit>

kt = xtW(k)

<latexit sha1_base64="2xDnZDyn4rkBB7fNVLYytI0fyY8="></latexit>

qt = xtW(q)

<latexit sha1_base64="STToAmrnzm1vOjuaJ9gWEjAvHeM="></latexit>

vt = xtW(v)

<latexit sha1_base64="uoasdIK7b785KCWA7PevqnlC8DY="></latexit>

yt =
X

⌧

↵t,⌧v⌧

<latexit sha1_base64="Wl63J08desY0s01iP1jQ/rl8AC8="></latexit>

↵t,⌧ = softmax(Nqt · k⌧ )



Attention
Penke, A mathematician’s introduction to transformers and large language models (2022) 
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The attention layer can process all words in the sequence in parallel 

using the operations 

(               is applied row-wise). 

The matrix     has the same dimension as     .  

The weight matrices         ,         , and          are trained by backpropagation.           

<latexit sha1_base64="E15ojCDGkJNaRUtUnx4aQmIPPvw="></latexit>

V =

2

6664

v1

v2
...
vT

3

7775

<latexit sha1_base64="V+gxAmd/nr59Nj+oijRYm/jRPWk="></latexit>

X =

2

6664

x1

x2
...

xT

3

7775

<latexit sha1_base64="XfgWpZ/vQW4+NGLg8FYCOu9epB8="></latexit>

K =

2

6664

k1

k2
...
kT

3

7775

<latexit sha1_base64="UYy1yU4xxPH58NSsWDh0dgp24RM="></latexit>

Q =

2

6664

q1

q2
...
qT

3

7775

<latexit sha1_base64="lctoaVaLA7dtE42O6vExTXyNfEA="></latexit>

Q = XW(q)
<latexit sha1_base64="USyUJnjQc7oSDWTHEMrOSuL9/Ug="></latexit>

K = XW(k)
<latexit sha1_base64="gQwlgNVAvbyMXZaZ/nSGm4wtBp0="></latexit>

Y = softmax(NQKT)V

<latexit sha1_base64="jwmFhT4iRp56Ypfs9fqpJ93gHjI="></latexit>

softmax

<latexit sha1_base64="OAxAfnizlmK/TRdPXex4u42d/Hw="></latexit>

Y
<latexit sha1_base64="rV54xeyi5nNFx/ziDZDpa3m6QPQ="></latexit>

X
<latexit sha1_base64="wWBDDgxSpUXJSErTUknb4cZawpc="></latexit>

W(q)
<latexit sha1_base64="+ARwgRV869nJlnc3bEGG6gQMflA="></latexit>

W(k)
<latexit sha1_base64="q/Fi3eLEJ7fNqV8AVCaJpX7V0I8="></latexit>

W(v)



Attention heads
Penke, A mathematician’s introduction to transformers and large language models (2022) 
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Usually one has several attention 
layers (attention heads) in parallel,  
with independent weights. 

Concatenate outputs       of the  
different layers                         and  
map to original dimension with 
another weight matrix  

    .

<latexit sha1_base64="a/G+YZ5cZU1L4YpcD8BmyZ4icRc="></latexit>

[Y(1),Y(2), . . .]

<latexit sha1_base64="Mt/roc/QtVou+kM3ATNFSMlME44="></latexit>

Y(i)

<latexit sha1_base64="1roxe0k8dCA1/1vzQ1LH4nN1a4M="></latexit>

Y = [Y(1),Y(2), . . .]W(o)

<latexit sha1_base64="QWwE/FsIgYJVOmD2u39s6j1gbnM="></latexit>

W(o)
different 
heads  



Transformers
Linander, The mathematics behind large language models (2023)
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Transformers consist of multi-headed attention layers, fully-connected layers, and 
residual connections. 

<latexit sha1_base64="828YJQTx/7dKbwJW1lipotuBbHg=">AAAB7HicbVDLSgMxFM3UV62vqks3wSK4KjNFtMuCG5cV7QPaoWTSO21oJjMkd4Qy9BPciS7ErV/kxr8xbWehrQcCh3PuJeeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoRpwn4ERspEQrO0EoPOIZBueJW3QXoOvFyUiE5moPyV38Y8zQChVwyY3qem6CfMY2CS5iV+qmBhPEJG0HPUsUiMH62iDqjF1YZ0jDW9imkC/X3RsYiY6ZRYCcjhmOz6s3F/7xeimHdz4RKUgTFlx+FqaQY0/nddCg0cJRTyji3yVOGNgcfM8042n5KtgZv9eh10q5Vvevq1X2t0qjnhRTJGTknl8QjN6RB7kiTtAgnI/JMXsmbo5wX5935WI4WnHznlPyB8/kDyk+Otw==</latexit>

the
<latexit sha1_base64="Th4W9R3ztTRc9gzkjmIS6kJwHus=">AAAB7nicbVBNTwIxFHyLX4hfqEcvG4mJJ7JLjHIk8eIRExdIYEO6pUBDt7u2ryZkw2/wZvRgvPqDvPhvLLAHBSdpMpl5L503USq4Rs/7dgobm1vbO8Xd0t7+weFR+fikpROjKAtoIhLViYhmgksWIEfBOqliJI4Ea0eT27nffmJK80Q+4DRlYUxGkg85JWil4NFwOumXK17VW8BdJ35OKpCj2S9/9QYJNTGTSAXRuut7KYYZUcipYLNSz2iWEjohI9a1VJKY6TBbhJ25F1YZuMNE2SfRXai/NzISaz2NIzsZExzrVW8u/ud1DQ7rYcZlapBJuvxoaISLiTu/3B1wxSiKqUsotckNQZuDjokiFG1DJVuDv3r0OmnVqv519eq+VmnU80KKcAbncAk+3EAD7qAJAVDg8Ayv8Oakzovz7nwsRwtOvnMKf+B8/gBmc4+n</latexit>

quick
<latexit sha1_base64="8EdtZu9PDDh3xxvJd4jnyooQSU0=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqswU0S4LblxWsA9oh5JJM21oJjMkd5Qy9BvciS7ErR/kxr8xbWehrQcCh3PuJeeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+55FrI2L1gNOE+xEdKREKRtFKrUDHT2pQrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYpG3PjZIuyMXFhlSMJY26eQLNTfGxmNjJlGgZ2MKI7NqjcX//N6KYZ1PxMqSZErtvwoTCXBmMwvJ0OhOUM5JZQxmzylaHOwMdWUoW2oZGvwVo9eJ+1a1buuXt3XKo16XkgRzuAcLsGDG2jAHTShBQwEPMMrvDmJ8+K8Ox/L0YKT75zCHzifP3cQj7I=</latexit>

brown
<latexit sha1_base64="9/nhOmcMGeP5dSv7jnNyPAtnnqE=">AAAB7nicbVBNSwMxFHzrZ61fVY9egkXwVHaLaI8FLx4ruG1hu5RsNtuGZrMhyQpl6W/wJnoQr/4gL/4b03YP2joQGGbeI/Mmkpxp47rfzsbm1vbObmWvun9weHRcOznt6ixXhPok45nqR1hTzgT1DTOc9qWiOI047UWTu7nfe6JKs0w8mqmkYYpHgiWMYGMlP5A4Doe1uttwF0DrxCtJHUp0hrWvQZyRPKXCEI61DjxXmrDAyjDC6aw6yDWVmEzwiAaWCpxSHRaLsDN0aZUYJZmyTxi0UH9vFDjVeppGdjLFZqxXvbn4nxfkJmmFBRMyN1SQ5UdJzpHJ0PxyFDNFieFThAmxyXNsbA4yxgoTYxuq2hq81aPXSbfZ8G4a1w/NertVFlKBc7iAK/DgFtpwDx3wgQCDZ3iFN0c6L86787Ec3XDKnTP4A+fzBxzdj3c=</latexit>

[pad]
<latexit sha1_base64="vMuBImOimBelY7HP12If8+PbPKM=">AAAB9nicbVDLSsNAFL3xWeur6tJNsAguJCRVtMuCG5cV7APaUCbTSTt0MokzN2IJ/Q53ogtx68e48W+ctllo64ELh3PuZc6cIBFco+t+Wyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVOyCaCS5ZAzkK1k4UI1EgWCsY3Uz91iNTmsfyHscJ8yMykDzklKCR/I7rXJy7TtWM5/dKZddxZ7CXiZeTMuSo90pf3X5M04hJpIJo3fHcBP2MKORUsEmxm2qWEDoiA9YxVJKIaT+bhZ7Yp0bp22GszEi0Z+rvi4xEWo+jwGxGBId60ZuK/3mdFMOqn3GZpMgknT8UpsLG2J42YPe5YhTF2CaUmuQpQZODDokiFE1TRVODt/jpZdKsON6Vc3lXKdeqeSEFOIYTOAMPrqEGt1CHBlB4gGd4hTfryXqx3q2P+eqKld8cwR9Ynz+b65Cg</latexit>

[0.3,0.8,0.1]
<latexit sha1_base64="+IRgHyNo+WF68pPEQxs1vWXQo2w=">AAAB9nicbVDLSsNAFL3xWeur6tLNYBFcSEhqsV0W3LisYB+QhjKZTtqhk0mcmYgl9DvciS7ErR/jxr9x2mahrQcuHM65lzlzgoQzpR3n21pb39jc2i7sFHf39g8OS0fHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E45uZ33mkUrFY3OtJQv0IDwULGcHaSL7n2LVLx66aufL7pbJjO3OgVeLmpAw5mv3SV28QkzSiQhOOlfJcJ9F+hqVmhNNpsZcqmmAyxkPqGSpwRJWfzUNP0blRBiiMpRmh0Vz9fZHhSKlJFJjNCOuRWvZm4n+el+qw7mdMJKmmgiweClOOdIxmDaABk5RoPkGYEJM8xdrkICMsMdGmqaKpwV3+9CppV2z32q7eVcqNel5IAU7hDC7AhRo04Baa0AICD/AMr/BmPVkv1rv1sVhds/KbE/gD6/MHnwmQog==</latexit>

[0.7,0.4,0.3]
<latexit sha1_base64="kVR0mkK0FNAIUYSyCLIvy2+Xtek=">AAAB9nicbVDLSsNAFL3xWeur6tJNsAguJCTFR5cFNy4r2Ae0oUymk3boZBJnbsQS+h3uRBfi1o9x4984bbPQ1gMXDufcy5w5QSK4Rtf9tlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdkA0E1yyBnIUrJ0oRqJAsFYwupn6rUemNI/lPY4T5kdkIHnIKUEj+R3X8c7nc+n3SmXXcWewl4mXkzLkqPdKX91+TNOISaSCaN3x3AT9jCjkVLBJsZtqlhA6IgPWMVSSiGk/m4We2KdG6dthrMxItGfq74uMRFqPo8BsRgSHetGbiv95nRTDqp9xmaTIJJ0/FKbCxtieNmD3uWIUxdgmlJrkKUGTgw6JIhRNU0VTg7f46WXSrDjelXNxVynXqnkhBTiGEzgDD66hBrdQhwZQeIBneIU368l6sd6tj/nqipXfHMEfWJ8/lByQmw==</latexit>

[0.1,0.1,0.5]
<latexit sha1_base64="qvaahuelP0/ZJV69m1wCis+qGD0=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFclDJTRLssuHFZwT6gHUomzbShmcyQ3BHK0I9wJ7oQt36PG//GtJ2Fth4IHM65l5x7gkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6vTcilvx/EGp7FbdBcg68XJShhzNQemrP4xZGnGFTFJjep6boJ9RjYJJPiv2U8MTyiZ0xHuWKhpx42eLuDNyaZUhCWNtn0KyUH9vZDQyZhoFdjKiODar3lz8z+ulGNb9TKgkRa7Y8qMwlQRjMr+dDIXmDOWUUMZs8pSizcHGVFOGtqOircFbPXqdtGtV76Z6/VArN+p5IQU4hwu4Ag9uoQH30IQWMJjAM7zCm6OdF+fd+ViObjj5zhn8gfP5A/Pdjz8=</latexit>

[0,0,1]

multi-headed attention layer

fully connected feed-forward layer

multi-headed attention layer

fully connected feed-forward layer

<latexit sha1_base64="9I1tQMxqM3oJkfx1c7ir7HtfWJs=">AAAB9nicbVDLSsNAFJ3UV62vqks3g0VwISGpYrssuHFZwT4gDWUynbRDJ5M4cyOW0O9wJ7oQt36MG//GaZuFth64cDjnXubMCRLBNTjOt1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+Gbmdx6Z0jyW9zBJmB+RoeQhpwSM5HuOXbtw7EszVb9frji2MwdeJW5OKihHs1/+6g1imkZMAhVEa891EvAzooBTwaalXqpZQuiYDJlnqCQR0342Dz3FZ0YZ4DBWZiTgufr7IiOR1pMoMJsRgZFe9mbif56XQlj3My6TFJiki4fCVGCI8awBPOCKURATTCg1yVMCJgcdEUUomKZKpgZ3+dOrpF213Wv76q5aadTzQoroBJ2ic+SiGmqgW9RELUTRA3pGr+jNerJerHfrY7FasPKbY/QH1ucPm/eQoA==</latexit>

[0.7,0.3,0.2]
<latexit sha1_base64="HoiCX0XwmqtdlkfaeSGJtg3UxiM=">AAAB7HicbVDLSgMxFL3js9ZX1aWbYBFclZki2mXBjcuK9gHtUDJppg3NZIbkjliGfoI70YW49Yvc+Dem7Sy09UDgcM695NwTJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfRg/9Utlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5tHnZJzqwxIGGv7FJK5+nsjo5ExkyiwkxHFkVn2ZuJ/XjfFsOZnQiUpcsUWH4WpJBiT2d1kIDRnKCeEMmaTpxRtDjaimjK0/RRtDd7y0aukVa14V5XLu2q5XssLKcApnMEFeHANdbiFBjSBwRCe4RXeHOW8OO/Ox2J0zcl3TuAPnM8f3IKOww==</latexit>

fox
<latexit sha1_base64="HoiCX0XwmqtdlkfaeSGJtg3UxiM=">AAAB7HicbVDLSgMxFL3js9ZX1aWbYBFclZki2mXBjcuK9gHtUDJppg3NZIbkjliGfoI70YW49Yvc+Dem7Sy09UDgcM695NwTJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfRg/9Utlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5tHnZJzqwxIGGv7FJK5+nsjo5ExkyiwkxHFkVn2ZuJ/XjfFsOZnQiUpcsUWH4WpJBiT2d1kIDRnKCeEMmaTpxRtDjaimjK0/RRtDd7y0aukVa14V5XLu2q5XssLKcApnMEFeHANdbiFBjSBwRCe4RXeHOW8OO/Ox2J0zcl3TuAPnM8f3IKOww==</latexit>

fox



Training
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Transformers are trained in the usual way by gradient descent, using automatic  
differentiation (TensorFlow, PyTorch).  

Loss function based on log likelihood. 

Pre-training. Language model is trained on a generic data set (e.g., WikiText) to learn 
general features.  

Embedding is part of pre-training.  

Fine tuning. Pre-trained model is trained further on data set of interest.  

This two-step procedure is more efficient and less prone to overfitting, compared with  
training from scratch for a specific data set.  

Inference. Using the trained large language model, user input is converted to output 
(ChatGPT). 

www.tensorflow.org/datasets

Penke, A mathematician’s introduction to transformers and large language models (2022) 



Transformer architectures
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                        encoder-decoder for machine                          (2017) 
                        translation 

GPT                 generative pre-trained transformer                   (2018) 
 

BERT               bidirectional encoder representations              (2018) 
                        from transformers 

GPT-2              trained on larger data sets                               (2019) 

GPT-3              even larger data set,        training parameters, (2020)          
                        improved training, with few-shot learning   

OpenGPT-X      open-source European large language model (2022)       

Vaswani et al. (2017) arxiv:1706.03762

Devlin et al. (2018) arxiv:1810.04805

Radford et al. (2018) Improving understanding by generative pre-training

<latexit sha1_base64="GbdgFojO2xnU4z+NHsnTaXQHHHc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LblxWsA9ox5JJM21oJjMkd4Qy9CPciS7Erd/jxr8xbWehrQcCh3PuJeeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKHc99zDxvNihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/GwRd0YurDIkYaztU0gW6u+NjEbGTKPATkYUx2bVm4v/eb0Uw7qfCZWkyBVbfhSmkmBM5reTodCcoZwSyphNnlK0OdiYasrQdlSyNXirR6+T9lXVu67W7muVRj0vpAhncA6X4MENNOAOmtACBhN4hld4c7Tz4rw7H8vRgpPvnMIfOJ8/rBOPuQ==</latexit>

1011
Radford et al. (2019)

Brown et al. (2020)

opengpt-x.de



Few-shot learning
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Jaghouar, Gustafsson, Mehlig, Werner & Gustavsson, DAGM GCPR Pattern Recognition (2022)

Network output in channel  
(between 0 and 1). Outputs  
sum to unity over all channels.

Usually the network needs to see an image many times to recognise it reliably. 

Can networks learn to recognise rare 
patterns? Example: rare traffic signs.   

Training set contains only few of the  
rare sign     .        

Let network try to find this sign in large test set. Result: 

Ordered according to output in channel       . All outputs small. But the largest of these  
are still meaningful.  See above paper for  references to few-shot learning.               
                                                                                                                                                                  15



Training data sets
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Linander, The mathematics behind large language models (2023) 
Touvron et al. (2023), arxiv:2302.13971

In total                tokens. 
<latexit sha1_base64="3hcTVT626fTwlAw0saxROoxwM3Y=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjOlaJcFNy4r2Ad0xpJJM21okhmSO0oZ+hvuRBfi1p9x49+YtrPQ1gOBwzn3ck9OmAhuwHW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVlLVpLGLdC4lhgivWBg6C9RLNiAwF64aTm7nffWTa8FjdwzRhgSQjxSNOCVjJ9w2X2HMfMq82G5QrbtVdAK8TLycVlKM1KH/5w5imkimgghjT99wEgoxo4FSwWclPDUsInZAR61uqiGQmyBaZZ/jCKkMcxdo+BXih/t7IiDRmKkM7KQmMzao3F//z+ilEjSDjKkmBKbo8FKUCQ4znBeAh14yCmGJCqU2eErA56JhoQsEWVbI1eKufXiedWtW7qtbv6pVmIy+kiM7QObpEHrpGTXSLWqiNKErQM3pFb86T8+K8Ox/L0YKT75yiP3A+fwApLZGx</latexit>

⇠ 1012 Touvron et al. (2023), arxiv:2302.13971



ChatGPT
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ChatGPT is based on GPT-3.  Additional fine tuning using reinforcement learning with 
Human feedback. 

Hampus Linander (2023)

Linander, The mathematics behind large language models (2023)



Reinforcement learning
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Supervised learning requires labelled data (targets        ) 
Unsupervised learning does not need labels. 

Reinforcement learning: only partial feedback in terms of a reward function, e.g. 

                                                                        (immediate reward) 

Learning by trial and error. 

Sequential decision process. Estimate expected future reward. 
 
Agent explores a sequence of states 
through a sequence of actions                       and 
receives rewards                     . 
Goal: estimate expected future reward                            . 

Method: iteratively improve estimate of expected future reward, given state 
and action     .  

<latexit sha1_base64="ig1HzdKMmAeH9q6s+D1vfs7bn+Y="></latexit>

r =

(
+1

�1

<latexit sha1_base64="2gVIkNBS2GMD+2A669afMIWJzFo="></latexit>

t(µ)

reward if all outputs correct

penalty otherwise

s0, s1, s2, . . .
<latexit sha1_base64="LghSE49YPXfB9gr40soWZjuxAOY="></latexit><latexit sha1_base64="LDdA3MBk26EcvQHurfDla29lZFo="></latexit><latexit sha1_base64="LDdA3MBk26EcvQHurfDla29lZFo="></latexit><latexit sha1_base64="nxQydHvzmhqw8koMA/1MdPXz2h4="></latexit>

a0,a1,a2, . . .
<latexit sha1_base64="x3hb+V+WjugpjpagI5hYueSkzqo="></latexit><latexit sha1_base64="OUmi3WwNffWpgajZrOQneZ/qtmU="></latexit><latexit sha1_base64="OUmi3WwNffWpgajZrOQneZ/qtmU="></latexit><latexit sha1_base64="CpglFBMAk7JFrirJzmLYdKK+7pg="></latexit>

r1, r2, r3, . . .
<latexit sha1_base64="JFr0fK3B4wzAXWVb7uSFyHv9eME="></latexit><latexit sha1_base64="wOylvjErMHZVQngzmVcokqLsJms="></latexit><latexit sha1_base64="wOylvjErMHZVQngzmVcokqLsJms="></latexit><latexit sha1_base64="G7uACYZmAnIKf3oCWlggoV4ceGo="></latexit>

Sutton & Barto, Reinforcement Learning: An Introduction, MIT Press (2018) 
Mehlig, Machine learning with neural networks, CUP (2021)

st
<latexit sha1_base64="GHcMeYahVuJBgL9J5GPzFcz7za8="></latexit><latexit sha1_base64="QXMxjpY2ph5N0jOFgbOdXhg8Ylk="></latexit><latexit sha1_base64="QXMxjpY2ph5N0jOFgbOdXhg8Ylk="></latexit><latexit sha1_base64="FSrY+maMR1RojGYycfzCJtT6LCs="></latexit>

at
<latexit sha1_base64="DVYJ9nvUli/ib3/hjpCYaXNhp6w="></latexit><latexit sha1_base64="eQMYcx2rzz4SatVZlwfpEkNbtn4="></latexit><latexit sha1_base64="eQMYcx2rzz4SatVZlwfpEkNbtn4="></latexit><latexit sha1_base64="ymiTWOYDkj+6drwkfd5OhqIVy+o="></latexit>

<latexit sha1_base64="9SKAyuo7tF0RoOhpEp2VNTEm8y4="></latexit>

Rt =
PT�1

⌧=t r⌧+1



Backgammon
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Reinforcement learning allows computers to learn to play board games. 

Tesauro, NIPS (1991)

Tesauro, Communications of the ACM (1995)



AlphaGo
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Reinforcement learning allows computers to learn to play board games. 

                                                                               Agents: two players, 
                                                                               Environment: the opponent, 
                                                                               States: board configurations, 
                                                                               Actions: moves, 
                                                                               Future reward:               (win), 
                                                                                                                    (lose). 

                                       

Silver et al. Nature (2016,2017)

<latexit sha1_base64="2c73l766BNb57A1uhLoAscOR98w="></latexit>

r = +1
<latexit sha1_base64="JGYq0IufeSLtl6Y5HhC40ehzO44="></latexit>

r = �1

Alex Hern, in: The Guardian (2016)

British GO association



Temporal difference learning
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Future reward                            . 

Use neural network with input      (state) to estimate      ,   

Minimise energy function                                       using 
gradient descent: 

Trick: express error                    as sum over temporal differences

<latexit sha1_base64="9SKAyuo7tF0RoOhpEp2VNTEm8y4="></latexit>

Rt =
PT�1

⌧=t r⌧+1

<latexit sha1_base64="C5ytlkKc4rmkP8WnoxPysfqa8eA="></latexit>st
<latexit sha1_base64="XWUOcC4M3j7c3K6aW7RKlj8MTsg="></latexit>

Rt

<latexit sha1_base64="0mI86V2KRnCgR1UdVhBXGuQknuI="></latexit>

O(st) = w · st (linear unit, weight vector      )<latexit sha1_base64="IOxpbWvnlibIm19EPO276Io14jg="></latexit>w
wN

<latexit sha1_base64="3o5LhRWQyLLd/ohICKpZNKrYQME="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="loSU5sJu6TtNfc0za4GuNSsESVA="></latexit>

w1
<latexit sha1_base64="VEmXGsrCmczB7Rz65zOynGy0gfk="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="xCXPN3sGxSZfJyl4BnNczRkJjH4="></latexit>

<latexit sha1_base64="fGmnWs4KbPUzt/SAKSREqizg/e4="></latexit>s1t

<latexit sha1_base64="Apm9gjtH8Erp1E+RGtsuCSW538k="></latexit>s2t

<latexit sha1_base64="Jkm635NtjG9OjZYHpSu8fgIdLpU="></latexit>sNt

<latexit sha1_base64="NwMLh22TvNwJqK7nPNsaiU0pZZo="></latexit>

O(st)

<latexit sha1_base64="WMmi+QblipSzWUrSd8Z5RKU2JDs="></latexit>

H = 1
2

T�1X

t=0

[Rt �O(st)]
2

<latexit sha1_base64="oEbA0IRfr8t4ROlGKX68JOoDZ7w="></latexit>

�wm = ⌘

T�1X

t=0

[Rt �O(st)]
@O

@wm

<latexit sha1_base64="V+oMAkKF9WKQg3klEA2QRR5Qggw="></latexit>

Rt �O(st)

with 
<latexit sha1_base64="SoQwKCS0PSxduojNjlK22In8Wx0="></latexit>

O(sT ) ⌘ 0

<latexit sha1_base64="g9tP/0vAHv5wZsuTOUgg41D9FEg="></latexit>

Rt �O(st) =
T�1X

⌧=t

[r⌧+1 +O(s⌧+1)�O(s⌧ )]



Temporal difference learning
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Insert this expression for                   into the gradient-descent 
rule: 

Terms in this double sum can be summed in a different way 

Exchange summation variables and add weights    : 

Alternative: update       (and hence      ) at every time step: 

This is the temporal difference learning rule TD(   ). 

wN
<latexit sha1_base64="3o5LhRWQyLLd/ohICKpZNKrYQME="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="loSU5sJu6TtNfc0za4GuNSsESVA="></latexit>

w1
<latexit sha1_base64="VEmXGsrCmczB7Rz65zOynGy0gfk="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="xCXPN3sGxSZfJyl4BnNczRkJjH4="></latexit>

<latexit sha1_base64="fGmnWs4KbPUzt/SAKSREqizg/e4="></latexit>s1t

<latexit sha1_base64="Apm9gjtH8Erp1E+RGtsuCSW538k="></latexit>s2t

<latexit sha1_base64="Jkm635NtjG9OjZYHpSu8fgIdLpU="></latexit>sNt

<latexit sha1_base64="NwMLh22TvNwJqK7nPNsaiU0pZZo="></latexit>

O(st)

<latexit sha1_base64="V+oMAkKF9WKQg3klEA2QRR5Qggw="></latexit>

Rt �O(st)

<latexit sha1_base64="NayjW+EDmbVm+/QqmMeXwRGze3o="></latexit>

�w = ⌘

T�1X

t=0

T�1X

⌧=t

[r⌧+1 +O(s⌧+1)�O(s⌧ )]st

<latexit sha1_base64="gLaSh9fExElSAe4gVMNI0Fq5N9o="></latexit>

�w = ⌘

T�1X

⌧=0

⌧X

t=0

[r⌧+1 +O(s⌧+1)�O(s⌧ )]st

<latexit sha1_base64="yAbiF5miDZL6vZaS3lKl6/G98W8="></latexit>w
<latexit sha1_base64="+NkJTSXs13axveIFZ3Qi35pMAyY="></latexit>

O

<latexit sha1_base64="x5RWiPtZjyoLzLwENMwTr1pwLw8="></latexit>

�

<latexit sha1_base64="x5RWiPtZjyoLzLwENMwTr1pwLw8="></latexit>

�

<latexit sha1_base64="Pw5V57fURiGeV3qYgpd1RN1Rjac="></latexit>

�wt = ⌘[rt+1 +O(wt,st+1)�O(wt,st)]
tX

⌧=0

�
t�⌧s⌧

<latexit sha1_base64="UjL2jtOh7aGRGABouHDoawRG+4U="></latexit>

�w = ⌘

T�1X

t=0

[rt+1 +O(st+1)�O(st)]
tX

⌧=0

�
t�⌧s⌧



SARSA
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Temporal difference learning TD(   ) 

The TD(0)-rule corresponds to the following learning rule for the network output 

For a sequential decision process, estimate the expected future reward given      and 

To update one needs     ,     ,         ,        ,          (SARSA).  

Problem: iteration depends upon policy for how to choose the next action,         . 
Greedy policy: choose the action one with largest                 .  
Stochastic policy: mainly greedy, but sometimes do something else. 

Explore-versus-exploit dilemma.

<latexit sha1_base64="Pw5V57fURiGeV3qYgpd1RN1Rjac="></latexit>

�wt = ⌘[rt+1 +O(wt,st+1)�O(wt,st)]
tX

⌧=0

�
t�⌧s⌧

<latexit sha1_base64="x5RWiPtZjyoLzLwENMwTr1pwLw8="></latexit>

�

<latexit sha1_base64="0zxGvhGTzYOzwYF9ktefgTPwepY="></latexit>

Ot+1(st) = Ot(st) + ⌘[rt+1 +Ot(st+1)�Ot(st)]
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(win),            (draw),                (lose).

Q-learning
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The Q-learning rule is an approximation to SARSA that does not depend on          . 

Instead one assumes that the next action,        , is the optimal one, regardless of 
the policy that is currently followed: 

Q-learning is simpler than SARSA, but approximate. 

Learn to play tic-tac-toe: 
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Performance for Tic-tac-toe
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Summary
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This last part of the lectures is based on the sources 

Attention mechanism efficiently represents long-range dependencies  
(overcomes vanishing-gradient problem of recurrent nets).  

Efficient because attention layer processes inputs                  in parallel using  
matrix-vector products. 

Transformers consist of stacked multi-headed attention layers, fully connected  
Feed-forward layers, and residual connections.  

Trained in the standard fashion plus reinforcement learning.  

Transformers for image analysis

Linander, The mathematics behind large language models (2023) 
Penke, A mathematician’s introduction to transformers and large language models (2022)

Liu et al. (2021) arxiv:2103.14030
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