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    Supervised              Semisupervised               Unsupervised



Connect neurons into networks that can perform computing tasks. Adjust parameters 
(weights and thresholds) to minimise output error                                              .  

                                                                    Inputs (                    )       

                                                                    Output for input                  Target for  

                                                                                
                                                                     input dimension      - large  
                                                                     size of data set       - very large 
                                                                     number of layers     - large                            

Deep neural networks

  

Rosenblatt, Psychological Review 65 (1958) 386

hidden layersInputs         outputs         

Deep neural net (many hidden layers).

x(µ)
O

(µ)
<latexit sha1_base64="AI+hW7wGDZ/CE8D7PywaJVdQZeU="></latexit><latexit sha1_base64="FXtvaxh3p81GnV25hDt9yb1g1ZU="></latexit><latexit sha1_base64="FXtvaxh3p81GnV25hDt9yb1g1ZU="></latexit><latexit sha1_base64="42kDEOL7NZsXVqrpRm/7f9KLaPY="></latexit>

x(µ) =

2

664

x(µ)
1
...

x(µ)
N

3

775

<latexit sha1_base64="dQjnRD7ngMarFBve/68pkh3GoKk="></latexit><latexit sha1_base64="VaqvQ8q8RT7Ut5WwM6oUbWJY2PQ="></latexit><latexit sha1_base64="VaqvQ8q8RT7Ut5WwM6oUbWJY2PQ="></latexit><latexit sha1_base64="8Ukhfa/ZLOYyldRYgkysCbZ0J0I="></latexit>

O
(µ) =

2

664

O
(µ)
1
...

O
(µ)
M

3

775

<latexit sha1_base64="F8ujB+K0HklQKOjys528E62Q5tM="></latexit><latexit sha1_base64="YoTz9wSpYHvlLsBiJeNSKNEGg8w="></latexit><latexit sha1_base64="YoTz9wSpYHvlLsBiJeNSKNEGg8w="></latexit><latexit sha1_base64="xmVn3isPdXdssbp/R5Z4ZURc8ME="></latexit>

µ = 1, . . . , p
<latexit sha1_base64="WgFLynjobYpIYhkbciIi+ZzgLHk="></latexit><latexit sha1_base64="Ij0GtOXTtt1CMTVZdSGs0uyrO3g="></latexit><latexit sha1_base64="Ij0GtOXTtt1CMTVZdSGs0uyrO3g="></latexit><latexit sha1_base64="/CShgrhgxCxJPM7xtkMf6MXgcXI="></latexit>

x(µ)
<latexit sha1_base64="L9bSErgehP3iNAMo6BhE154A/G4="></latexit><latexit sha1_base64="IkrRa9O46lbNF1fCevrfKLmZHeU="></latexit><latexit sha1_base64="IkrRa9O46lbNF1fCevrfKLmZHeU="></latexit><latexit sha1_base64="xv732UzDFAo+E/VOgIM51AE5mg8="></latexit>

Convolutional neural net
Krizhevsky, Sutskever & Hinton (2012)
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<latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="ZNNtSGpiZ1BRDmj1UdoCroocXro=">AAAB+HicbVDLSgMxFL1TX7VWrWs3wSK4KjNudCm4cVnBPqAdSiaTaUOTzJDcEcrQteDW73An/ouf4R+YaYvY1gOBwznJvScnyqSw6PtfXmVnd2//oHpYO6rXjk9OG/WuTXPDeIelMjX9iFouheYdFCh5PzOcqkjyXjS9L/3eMzdWpPoJZxkPFR1rkQhG0UntUaPpt/wFyDYJVqQJK4wa38M4ZbniGpmk1g4CP8OwoAYFk3xeG+aWZ5RN6ZgPHNVUcRsWi5hzcumUmCSpcUcjWah/XxRUWTtTkbupKE7spleK/3mDHJPbsBA6y5FrtlyU5JJgSso/k1gYzlDOCGXMJc8puhxsQg1l6LpZ21NONzaxv4tcRcFmIduke90K/Fbw6EMVzuECriCAG7iDB2hDBxjE8Apv3ov37n0sq6x4q07PYA3e5w99+Zbp</latexit><latexit sha1_base64="ePD66tV95cFShwtpjL+2n7fOkck=">AAAB/HicbVDLSgMxFL1TX7VWrW7dDBbBVZlxo0vBjQsXLdgHtEPJpHfa0ExmSO4IZegHiFv9Dnfir/gZ/oHpA7GtBwKHc5J7T06YSmHI876cwtb2zu5ecb90UD48Oq6clFsmyTTHJk9kojshMyiFwiYJkthJNbI4lNgOx3czv/2E2ohEPdIkxSBmQyUiwRlZqfHQr1S9mjeHu0n8JanCEvV+5bs3SHgWoyIumTFd30spyJkmwSVOS73MYMr4mA2xa6liMZognweduhdWGbhRou1R5M7Vvy9yFhsziUN7M2Y0MuveTPzP62YU3QS5UGlGqPhiUZRJlxJ39mt3IDRykhOXcW6TZ4xsDj5imnGy7azsmU3XJjK/i2xH/nojm6R1VfO9mt/woAhncA6X4MM13MI91KEJHBBe4BXenGfn3flYtFlwlrWewgqczx8CUZgu</latexit><latexit sha1_base64="Ky4uMMPXRqVMphlwl9o7fKHU4YY=">AAAB/HicbVDNSgMxGPy2/tVatXr1EiyCpyUraj0KXjx4aMH+QLuUbJptQ7PZJckKZekDiFd9Dm/iq/gYvoHZtqitDgSGmeT7JhMkgmuD8YdTWFvf2Nwqbpd2yrt7+5WDckvHqaKsSWMRq05ANBNcsqbhRrBOohiJAsHawfgm99sPTGkey3szSZgfkaHkIafEWKlx169UsXtZO7/wMMIunuGHeAtShQXq/cpnbxDTNGLSUEG07no4MX5GlOFUsGmpl2qWEDomQ9a1VJKIaT+bBZ2iE6sMUBgre6RBM/X3i4xEWk+iwN6MiBnpVS8X//O6qQmv/IzLJDVM0vmiMBXIxCj/NRpwxagRE0QotclTYmwOOiKKUGPbWdqTT1c61N+LbEfeaiN/SevM9bDrNTAU4QiO4RQ8qME13EIdmkCBwRM8w4vz6Lw6b/M2C86i1kNYgvP+BSZNmEU=</latexit><latexit sha1_base64="dO1yIC9Ha1V4ppFm43k9yXXISgY=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFcDRlR22XBjQsXLdgHtEPJpJk2NPMgyQhl6AeIW/0Od+LWz/Az/AMz7aC2eiBwOPdxbo4XC640xh/Wyura+sZmYau4vbO7t186OGypKJGUNWkkItnxiGKCh6ypuRasE0tGAk+wtje+zurteyYVj8I7PYmZG5BhyH1OiTZS47ZfKmP7qnJx6WCEbTzDD3FyUoYc9X7pszeIaBKwUFNBlOo6ONZuSqTmVLBpsZcoFhM6JkPWNTQkAVNuOjt0ik6NMkB+JM0LNZqpvydSEig1CTzTGRA9Usu1TPyv1k20X3VTHsaJZiGdG/mJQDpC2a/RgEtGtZggQqm5PCHa3EFHRBKqTToLPtl2qXz1bWQycpYT+Uta57aDbaeBy7VqnlYBjuEEzsCBCtTgBurQBAoMHuEJnq0H68V6td7mrStWPnMEC7DevwDBhJmp</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="ZNNtSGpiZ1BRDmj1UdoCroocXro=">AAAB+HicbVDLSgMxFL1TX7VWrWs3wSK4KjNudCm4cVnBPqAdSiaTaUOTzJDcEcrQteDW73An/ouf4R+YaYvY1gOBwznJvScnyqSw6PtfXmVnd2//oHpYO6rXjk9OG/WuTXPDeIelMjX9iFouheYdFCh5PzOcqkjyXjS9L/3eMzdWpPoJZxkPFR1rkQhG0UntUaPpt/wFyDYJVqQJK4wa38M4ZbniGpmk1g4CP8OwoAYFk3xeG+aWZ5RN6ZgPHNVUcRsWi5hzcumUmCSpcUcjWah/XxRUWTtTkbupKE7spleK/3mDHJPbsBA6y5FrtlyU5JJgSso/k1gYzlDOCGXMJc8puhxsQg1l6LpZ21NONzaxv4tcRcFmIduke90K/Fbw6EMVzuECriCAG7iDB2hDBxjE8Apv3ov37n0sq6x4q07PYA3e5w99+Zbp</latexit><latexit sha1_base64="ePD66tV95cFShwtpjL+2n7fOkck=">AAAB/HicbVDLSgMxFL1TX7VWrW7dDBbBVZlxo0vBjQsXLdgHtEPJpHfa0ExmSO4IZegHiFv9Dnfir/gZ/oHpA7GtBwKHc5J7T06YSmHI876cwtb2zu5ecb90UD48Oq6clFsmyTTHJk9kojshMyiFwiYJkthJNbI4lNgOx3czv/2E2ohEPdIkxSBmQyUiwRlZqfHQr1S9mjeHu0n8JanCEvV+5bs3SHgWoyIumTFd30spyJkmwSVOS73MYMr4mA2xa6liMZognweduhdWGbhRou1R5M7Vvy9yFhsziUN7M2Y0MuveTPzP62YU3QS5UGlGqPhiUZRJlxJ39mt3IDRykhOXcW6TZ4xsDj5imnGy7azsmU3XJjK/i2xH/nojm6R1VfO9mt/woAhncA6X4MM13MI91KEJHBBe4BXenGfn3flYtFlwlrWewgqczx8CUZgu</latexit><latexit sha1_base64="Ky4uMMPXRqVMphlwl9o7fKHU4YY=">AAAB/HicbVDNSgMxGPy2/tVatXr1EiyCpyUraj0KXjx4aMH+QLuUbJptQ7PZJckKZekDiFd9Dm/iq/gYvoHZtqitDgSGmeT7JhMkgmuD8YdTWFvf2Nwqbpd2yrt7+5WDckvHqaKsSWMRq05ANBNcsqbhRrBOohiJAsHawfgm99sPTGkey3szSZgfkaHkIafEWKlx169UsXtZO7/wMMIunuGHeAtShQXq/cpnbxDTNGLSUEG07no4MX5GlOFUsGmpl2qWEDomQ9a1VJKIaT+bBZ2iE6sMUBgre6RBM/X3i4xEWk+iwN6MiBnpVS8X//O6qQmv/IzLJDVM0vmiMBXIxCj/NRpwxagRE0QotclTYmwOOiKKUGPbWdqTT1c61N+LbEfeaiN/SevM9bDrNTAU4QiO4RQ8qME13EIdmkCBwRM8w4vz6Lw6b/M2C86i1kNYgvP+BSZNmEU=</latexit><latexit sha1_base64="dO1yIC9Ha1V4ppFm43k9yXXISgY=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFcDRlR22XBjQsXLdgHtEPJpJk2NPMgyQhl6AeIW/0Od+LWz/Az/AMz7aC2eiBwOPdxbo4XC640xh/Wyura+sZmYau4vbO7t186OGypKJGUNWkkItnxiGKCh6ypuRasE0tGAk+wtje+zurteyYVj8I7PYmZG5BhyH1OiTZS47ZfKmP7qnJx6WCEbTzDD3FyUoYc9X7pszeIaBKwUFNBlOo6ONZuSqTmVLBpsZcoFhM6JkPWNTQkAVNuOjt0ik6NMkB+JM0LNZqpvydSEig1CTzTGRA9Usu1TPyv1k20X3VTHsaJZiGdG/mJQDpC2a/RgEtGtZggQqm5PCHa3EFHRBKqTToLPtl2qXz1bWQycpYT+Uta57aDbaeBy7VqnlYBjuEEzsCBCtTgBurQBAoMHuEJnq0H68V6td7mrStWPnMEC7DevwDBhJmp</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit><latexit sha1_base64="1gdj3Fix6HXNiLJY5vG4QF3WE/8=">AAACB3icbVDLSgMxFL1TX7W+qi7dDBbB1ZCRarssuHHhogX7gHYomTTThmYyQ5IRSukHiFv9Dnfi1s/wM/wDM+2gtnogcDj3cW6OH3OmNEIfVm5tfWNzK79d2Nnd2z8oHh61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr9N6+55KxSJxpycx9UI8FCxgBGsjNW77xRJyrirlSxfZyEFz/BA3IyXIUO8XP3uDiCQhFZpwrFTXRbH2plhqRjidFXqJojEmYzykXUMFDqnypvNDZ/aZUQZ2EEnzhLbn6u+JKQ6VmoS+6QyxHqnVWir+V+smOqh6UybiRFNBFkZBwm0d2emv7QGTlGg+sTEh5vIEa3MHGWGJiTbpLPmk26UK1LeRychdTeQvaV04LnLcRrlUq2Zp5eEETuEcXKhADW6gDk0gQOERnuDZerBerFfrbdGas7KZY1iC9f4FwsSZrQ==</latexit>

H = 1
2

X

µ,i

⇥
t(µ)i �Oi(x

(µ))
⇤2

<latexit sha1_base64="Gjg8e/If+qXOGlqUUHzsgyi5AZM="></latexit><latexit sha1_base64="Ux6gwQ3+wIUwIhSrql0+khAt9X4="></latexit><latexit sha1_base64="Ux6gwQ3+wIUwIhSrql0+khAt9X4="></latexit><latexit sha1_base64="UswVReQIcSlikhlr7ue0TXPb9cg="></latexit>

t(µ) =

2

664

t(µ)1
...

t(µ)M

3

775

<latexit sha1_base64="veu5T5O7XLyDjvWlHEPqZS34FA4="></latexit><latexit sha1_base64="Uu2VyVRI05FwaIR8XmmhCNG635Q="></latexit><latexit sha1_base64="Uu2VyVRI05FwaIR8XmmhCNG635Q="></latexit><latexit sha1_base64="L3ZkUf8UT4dkTbE2fQO8x6pU/cE="></latexit>

x(µ)
<latexit sha1_base64="L9bSErgehP3iNAMo6BhE154A/G4="></latexit><latexit sha1_base64="IkrRa9O46lbNF1fCevrfKLmZHeU="></latexit><latexit sha1_base64="IkrRa9O46lbNF1fCevrfKLmZHeU="></latexit><latexit sha1_base64="xv732UzDFAo+E/VOgIM51AE5mg8="></latexit>

3



Determine network parameters (weights         and thresholds      by minimising     . 

Learning rule for weights                                   with                                      . 

Example  

                                                       with                                                   . 
Use chain rule: 

                                               with                                   . 

Resulting learning rule: 

                                                         
Essentially Hebb’s rule,                              . 

                                                

Training — supervised learning

4

Rosenblatt, Psychological Review 65 (1958) 386

<latexit sha1_base64="3b2y/sZCJx1cdTjxfnhJ2NbhOXQ="></latexit>wij
<latexit sha1_base64="PAYqgvZB57y6l3r3TNO9zwMeXOU="></latexit>

✓i
<latexit sha1_base64="3ybCyiIWyxykgylqm8MjqsqPdEs="></latexit>

H

<latexit sha1_base64="Ag/iVL7hcDtHHCKnqezjFhmaQbw="></latexit>

w0
mn = wmn + �wmn

<latexit sha1_base64="tELj2Y+0WsWyv671bwHN4nVDPiQ="></latexit>

�wmn = �⌘@H/@wmn

<latexit sha1_base64="Mnofg/iw1NNb0uSLF586zDZxvyQ="></latexit>

H = 1
2

P
iµ[t

(µ)
i �Oi(x(µ))]2

inputs         outputs         

x(µ)
O

(µ)
<latexit sha1_base64="AI+hW7wGDZ/CE8D7PywaJVdQZeU="></latexit><latexit sha1_base64="FXtvaxh3p81GnV25hDt9yb1g1ZU="></latexit><latexit sha1_base64="FXtvaxh3p81GnV25hDt9yb1g1ZU="></latexit><latexit sha1_base64="42kDEOL7NZsXVqrpRm/7f9KLaPY="></latexit>

<latexit sha1_base64="3Gd/LsTWX4gz/RIHDuoAd9moQlU="></latexit>

Oi(x(µ)) = g(
P

j wijx
(µ)
j � ✓i)

<latexit sha1_base64="Gdtw1ZWZl46FyQsg7g0B9cSY4T8="></latexit>

@H
@wmn

= �
P

iµ(t
(µ)
i �O

(µ)
i )

@O(µ)
i

@wmn

<latexit sha1_base64="nm9Tmjal/KPsHvDpfv6FeM0NaRw="></latexit>

@O
(µ)
i

@wmn
= g0(b(µ)m )�mix

(µ)
m

<latexit sha1_base64="D8n3Oi5hyTx5rZlMgDT3LncCWpE="></latexit>

= b(µ)i

<latexit sha1_base64="HJ227LRhP/an2fbpOqqEQP22Di8="></latexit>

�wmn = ⌘(t(µ)m �O
(µ)
m )x(µ)

n
<latexit sha1_base64="d6BR/0ktBPvITySLbwvGX1czhHo="></latexit>

�wmn = ⌘t(µ)m x(µ)
n

<latexit sha1_base64="64YcqHyvWRiWDV9E0EovMc8GhcI="></latexit>

�mi =

(
1 m = i

0 m 6= i



Unsupervised learning

5



Unsupervised learning

6

Unsupervised learning: learning without labels (targets)  

Binary classification problem                 .                  Input distribution                  .   
                  

Supervised learning finds decision boundaries         Unsupervised learning can identify 
for labelled data                 ,                    .                clusters  in the input data         ,    
                                                                                                   , drawn from input 
                                                                                distribution                                                                                                              

<latexit sha1_base64="0BcdPX/nL3gQwsb1Q5NgwwtImXU="></latexit>

t(µ) = +1

<latexit sha1_base64="Ghq8E0I/4m4krGdpIlneU/d4EQc="></latexit>

t(µ) = �1

<latexit sha1_base64="4/FPCjxAesm7pta/x4f1GAoo748="></latexit>

[x(µ), t(µ)]
<latexit sha1_base64="BsJU/L7Izk0LTm2vm53bKbPgHUY="></latexit>

µ = 1, . . . , p

<latexit sha1_base64="ZkchgcX7F8wAnMthrVVfeqFufBE="></latexit>

t(µ) = ±1

decision boundary

<latexit sha1_base64="PkHfsE2/rffYkyHkpgMxKyQMfuA="></latexit>

x(µ)
<latexit sha1_base64="BsJU/L7Izk0LTm2vm53bKbPgHUY="></latexit>

µ = 1, . . . , p

<latexit sha1_base64="sBc7yIxYIrhzAbwS74/CbpQpc6w="></latexit>

Pdata(x)

<latexit sha1_base64="sBc7yIxYIrhzAbwS74/CbpQpc6w="></latexit>

Pdata(x)



Competitive learning

7

Learning rule.                                    with 

Closely related to Hebb’s rule                           . Second term is weight decay.  

Example: patterns      and weights       one unit circle. 

Competitive learning finds clusters in input data.

w1
<latexit sha1_base64="mNpphKLui/Ial7B2zBcTadS++20="></latexit><latexit sha1_base64="x/gTADV6YWqH0PpcWDScApBmQ4w="></latexit><latexit sha1_base64="x/gTADV6YWqH0PpcWDScApBmQ4w="></latexit><latexit sha1_base64="1a45avBV7NJkaGKMJPQ9huTCiQ0="></latexit>

w2
<latexit sha1_base64="U72fsHR1yq4G5STJ805uM4sIUWs="></latexit><latexit sha1_base64="EMKQ3TdiuPIPlI8gqgsKmpx2Ouo="></latexit><latexit sha1_base64="EMKQ3TdiuPIPlI8gqgsKmpx2Ouo="></latexit><latexit sha1_base64="DMPV7IDerMt0hM5o6Ei2HhQBLs0="></latexit>

x
<latexit sha1_base64="tJqb2wh673dZTT32GLvaRFDckCc="></latexit><latexit sha1_base64="UtKpa5Rkmh4zWMkiDNMZR5QilsM="></latexit><latexit sha1_base64="UtKpa5Rkmh4zWMkiDNMZR5QilsM="></latexit><latexit sha1_base64="PejzWZOpThxvl16ahAn6j1vqlQ4="></latexit>

x
<latexit sha1_base64="tJqb2wh673dZTT32GLvaRFDckCc="></latexit><latexit sha1_base64="UtKpa5Rkmh4zWMkiDNMZR5QilsM="></latexit><latexit sha1_base64="UtKpa5Rkmh4zWMkiDNMZR5QilsM="></latexit><latexit sha1_base64="PejzWZOpThxvl16ahAn6j1vqlQ4="></latexit>

w2
<latexit sha1_base64="U72fsHR1yq4G5STJ805uM4sIUWs="></latexit><latexit sha1_base64="EMKQ3TdiuPIPlI8gqgsKmpx2Ouo="></latexit><latexit sha1_base64="EMKQ3TdiuPIPlI8gqgsKmpx2Ouo="></latexit><latexit sha1_base64="DMPV7IDerMt0hM5o6Ei2HhQBLs0="></latexit>

w1
<latexit sha1_base64="mNpphKLui/Ial7B2zBcTadS++20="></latexit><latexit sha1_base64="x/gTADV6YWqH0PpcWDScApBmQ4w="></latexit><latexit sha1_base64="x/gTADV6YWqH0PpcWDScApBmQ4w="></latexit><latexit sha1_base64="1a45avBV7NJkaGKMJPQ9huTCiQ0="></latexit>

is winning neuron (       closest to      ), 

otherwise. 

<latexit sha1_base64="wNsnFLH0bwXrsf1bq5X7vUhjU4k="></latexit>x

<latexit sha1_base64="s7R5cVrdiJivNQeglQxJvT18RVg="></latexit>x <latexit sha1_base64="9fgB+4uqPZDh0LfU6ZFv246rrjk="></latexit>wi

<latexit sha1_base64="DV5BUmdJXrvV/I+8okXuUbhnE4U="></latexit>

w02 = w+ �w2

<latexit sha1_base64="DNTkubfNLqY/yb0sUOAjr6ej9ac="></latexit>

�wm = ⌘ym(x�wm)

<latexit sha1_base64="h4aRSlJ+gCsxKhg2JBkNE36bV8o="></latexit>

ym =

(
1 m

0

<latexit sha1_base64="VN0Y/sw2bO21wIRqa2T+u3UDkBs="></latexit>wm

<latexit sha1_base64="a153pUSLFfVGxRWt2qqIGjJXxmA="></latexit>

�wmn = ⌘ymxn



Self-organising map

8

Topographic map: non-linear representation of high-dimensional input distribution that 
preserves distance.  

Idea: self-organising topographic map develops in response to the inputs it receives.  
Competitive learning rule with distance information 

x2
<latexit sha1_base64="QeKy+IpPB9s0xfvc1qDO0z/hjIg="></latexit><latexit sha1_base64="y8+J/zagkijpTFVZJABOoYo1Uh0="></latexit><latexit sha1_base64="y8+J/zagkijpTFVZJABOoYo1Uh0="></latexit><latexit sha1_base64="Ez9T6NU9TJfCJwW+lmiZgScwoTE="></latexit>

x1
<latexit sha1_base64="i8hIRKSYaHNptYE9+eP9kBnicIQ="></latexit><latexit sha1_base64="IpUaWuZryX41rgO6EwsVehoyXww="></latexit><latexit sha1_base64="IpUaWuZryX41rgO6EwsVehoyXww="></latexit><latexit sha1_base64="xHR24GOmokH8reqfR5XymGtXzc8="></latexit>

x(1)
<latexit sha1_base64="QrGqae6HzEmm22M+hDtE/OmCQUU="></latexit><latexit sha1_base64="uCm8oH/n74KQl3U1xQRA6TW+Q9U="></latexit><latexit sha1_base64="uCm8oH/n74KQl3U1xQRA6TW+Q9U="></latexit><latexit sha1_base64="odq4ZvRgCHGTL3dOEWbv8vEEyhA="></latexit>

x(2)
<latexit sha1_base64="QkVN+WdzC98lUwR2/0rg2vYNW20="></latexit><latexit sha1_base64="wqHSiZIWSZvHVv3Rr9pTOz+lCsE="></latexit><latexit sha1_base64="wqHSiZIWSZvHVv3Rr9pTOz+lCsE="></latexit><latexit sha1_base64="+0EYhSFz3eEptZsAs0WWJIQ2pvQ="></latexit>

r1
<latexit sha1_base64="/r865eKPJLbrr1Ei+6Zhm4JgJoQ="></latexit><latexit sha1_base64="9fZX6DxzLegkGu4oPKh5M5ZHT2A="></latexit><latexit sha1_base64="9fZX6DxzLegkGu4oPKh5M5ZHT2A="></latexit><latexit sha1_base64="M98Taqfvl5Xl/PdaXIr2V6rse1U="></latexit>

r2
<latexit sha1_base64="GD70IBWkqjOFwBMF68y6nIBja0w="></latexit><latexit sha1_base64="3qL9NatEdLOGER+12JJHUsTthBU="></latexit><latexit sha1_base64="3qL9NatEdLOGER+12JJHUsTthBU="></latexit><latexit sha1_base64="o6SAp1+VwoxcDJOZ6Lr3hl2hRrE="></latexit>

x3
<latexit sha1_base64="+gVkbAF7c2X+ic4jK937+oJPW8Q="></latexit><latexit sha1_base64="hy71TVE2PRGZHqzR4yB0VF1B+sw="></latexit><latexit sha1_base64="hy71TVE2PRGZHqzR4yB0VF1B+sw="></latexit><latexit sha1_base64="RorcZbD7QFPcEpbhJn5hkTu8srs="></latexit>

input space

inputs

output space

output neurons,  
each with weight vector <latexit sha1_base64="lIP0JXvMbm+goNyLc0FH5wmmE8g="></latexit>w

network of  
weights <latexit sha1_base64="lIP0JXvMbm+goNyLc0FH5wmmE8g="></latexit>w

data distribution
<latexit sha1_base64="7EkJRI1TiHtkVNEbN+cjOW4PGPw="></latexit>

Pdata(x)



Topographic map for MNIST digits

Non-linear dimensionality reduction. 

Inputs: MNIST digits. 

Iterate learning rule to reach 
steady state. 

Then, for each input        , find  
location of winning neuron in  
output array (the one with the  
largest output). 

Winning neurons for same digits 
form clusters. Topographic map.
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<latexit sha1_base64="PkHfsE2/rffYkyHkpgMxKyQMfuA="></latexit>

x(µ)



Genetic data (       SNPs) from 1043  
individuals from 51 different populations  
around the world. 

Self-organising map creates a topo- 
praphic map, placing individuals who 
are closely related (few SNPs) in the 
same cluster.  

Genetic variation reflects Human demographic history.

https://hagsc.org/hgdp

1043 individuals

SN
Ps

<latexit sha1_base64="l9BwXGnp8sSaEwfNxp8fKk1QhyA="></latexit>

105

<latexit sha1_base64="l9BwXGnp8sSaEwfNxp8fKk1QhyA="></latexit> 10
5

Eriksson, Loviken, Luketina & Mehlig (2014)



Autoencoders
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Idea: use inputs as targets,  

Encoder:                  . Decoder:                   . Energy function 

                                                                                            . 

Minimise     . Expensive way of learning the identity function                        ?

100
<latexit sha1_base64="6J2T+N4CN6rU1BEOXtytHWsX56Q="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="gCfyKyeUFkfWIAwDYbs+gTSrmMM="></latexit>

2
<latexit sha1_base64="LfhvqkWfXrcZtqSX9Uxmwb9BGN8="></latexit><latexit sha1_base64="PJSVCHXu/BFvxh5JQGGr4+/vYBw="></latexit><latexit sha1_base64="PJSVCHXu/BFvxh5JQGGr4+/vYBw="></latexit><latexit sha1_base64="AuUI4fez2KjCZ5lYoqzMyjVx8rA="></latexit>

input
<latexit sha1_base64="1pEGp4N1rVU+OE0LW+jrbC/5Wj8="></latexit><latexit sha1_base64="yi6EbegJuAzHdFZbTX1ch1jLMQQ="></latexit><latexit sha1_base64="yi6EbegJuAzHdFZbTX1ch1jLMQQ="></latexit><latexit sha1_base64="ZKMu1N1ky3xZcxHLgCx52mvZCNs="></latexit>

output
<latexit sha1_base64="Is9k3MCGxM+84d5Vhz6yO9AVkWA="></latexit><latexit sha1_base64="mP9TdfpKs7CaXtorCtC3Qx0jYC4="></latexit><latexit sha1_base64="mP9TdfpKs7CaXtorCtC3Qx0jYC4="></latexit><latexit sha1_base64="oA1hxtrlfTkAsPzbGGiy1BtHiCI="></latexit>

bottleneck
<latexit sha1_base64="SbTMqcuioiAuqpainSdC9IxSudE="></latexit><latexit sha1_base64="8+QqFgsJL2fpdfeHv5NkwOBKhxY="></latexit><latexit sha1_base64="8+QqFgsJL2fpdfeHv5NkwOBKhxY="></latexit><latexit sha1_base64="nBTW3QxdXSom7pmae3bnEQVbmQU="></latexit>

encoder
<latexit sha1_base64="Sx8iqU6hZrzRKvIQYBPBsSMAQ5o="></latexit><latexit sha1_base64="+hn49Uq8R8QnCJrl0Y7gTMl6gcE="></latexit><latexit sha1_base64="+hn49Uq8R8QnCJrl0Y7gTMl6gcE="></latexit><latexit sha1_base64="8ehh3Y3k8KqVMmyeqzjW1BHRQ6A="></latexit>

decoder
<latexit sha1_base64="+rm0YZc6qHcDMzQFPkErCJ9dBwg="></latexit><latexit sha1_base64="x78pTL749cBhqRFb8mwsnLauNx0="></latexit><latexit sha1_base64="x78pTL749cBhqRFb8mwsnLauNx0="></latexit><latexit sha1_base64="9R0B2sP1edke5e/R4EOhQU7J0es="></latexit>

100
<latexit sha1_base64="6J2T+N4CN6rU1BEOXtytHWsX56Q="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="gCfyKyeUFkfWIAwDYbs+gTSrmMM="></latexit>

100
<latexit sha1_base64="6J2T+N4CN6rU1BEOXtytHWsX56Q="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="gCfyKyeUFkfWIAwDYbs+gTSrmMM="></latexit>

100
<latexit sha1_base64="6J2T+N4CN6rU1BEOXtytHWsX56Q="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="mTFRLtdkEDnb6aeBWMrKcfihhtg="></latexit><latexit sha1_base64="gCfyKyeUFkfWIAwDYbs+gTSrmMM="></latexit>

latent
<latexit sha1_base64="4ld1r52jj/53ZOl11WyB6TkmPTo="></latexit><latexit sha1_base64="BWuYmQBRVnseWdBu3p2gcPT/YMI="></latexit><latexit sha1_base64="BWuYmQBRVnseWdBu3p2gcPT/YMI="></latexit><latexit sha1_base64="wUgEU8lsU6BWjxGC+51KCWT5VLA="></latexit>

variables
<latexit sha1_base64="Xs7A5T1KZS/uqIXLuVXs/LxuZ9Q="></latexit><latexit sha1_base64="mdF2FTB0hYmJJroTQM/Ronf7FAA="></latexit><latexit sha1_base64="mdF2FTB0hYmJJroTQM/Ronf7FAA="></latexit><latexit sha1_base64="t8a7R6YmuIegfNp85R/Lf7VLEJ4="></latexit>

<latexit sha1_base64="Fq9aoXzvgvnBm1li9h05jNNnb0g="></latexit>

z = fe(x)
<latexit sha1_base64="fJRTD3uwQn+WkFHF4V67rE0BQsk="></latexit>

x = fd(z)
<latexit sha1_base64="iF4QWQdjFtcyAxtKeshDLrO8d20="></latexit>

H = 1
2

P
µ

��x(µ) � fd[fe(x
(µ))]

��2

<latexit sha1_base64="cC198ixshBsQ8Ys2islwI5OfbP0="></latexit>z

<latexit sha1_base64="C6O4vthySLlQfdcrgi1aP0uRlGQ="></latexit>

fd(z)
<latexit sha1_base64="XLm7n3JegNXmkDq2Yw2YcJZfQCg="></latexit>

fe(x)

<latexit sha1_base64="3NBxC2bq0X0leWGB+A0Sd3Aea8M="></latexit>x <latexit sha1_base64="3NBxC2bq0X0leWGB+A0Sd3Aea8M="></latexit>x

<latexit sha1_base64="LRleSHYbDLb/1gutUXmjQQCqYog="></latexit>

t(µ) = x(µ)

<latexit sha1_base64="ZRFcbYZDhpinMqJ7sjMGnO7tIvQ="></latexit>

x� fd[fe(x)]
<latexit sha1_base64="3ybCyiIWyxykgylqm8MjqsqPdEs="></latexit>

H



Autoencoders
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Clustering of inputs in latent plane, panel (a). 

Autoencoders are generative models, panel (c). 

inputs 

outputs



Reinforcement learning
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Reinforcement learning

14

Supervised learning requires labelled data (targets        ) 
Unsupervised learning does not need labels. 

Reinforcement learning: only partial feedback in terms of a reward function, e.g. 

                                                                        (immediate reward) 

Learning by trial and error. 

Sequential decision process. Estimate expected future reward. 
 
Agent explores a sequence of states 
through a sequence of actions                       and 
receives rewards                     . 
Goal: estimate expected future reward                            . 

Method: iteratively improve estimate of expected future reward, given state 
and action     .  

<latexit sha1_base64="ig1HzdKMmAeH9q6s+D1vfs7bn+Y="></latexit>

r =

(
+1

�1

<latexit sha1_base64="2gVIkNBS2GMD+2A669afMIWJzFo="></latexit>

t(µ)

reward if all outputs correct

penalty otherwise

s0, s1, s2, . . .
<latexit sha1_base64="LghSE49YPXfB9gr40soWZjuxAOY="></latexit><latexit sha1_base64="LDdA3MBk26EcvQHurfDla29lZFo="></latexit><latexit sha1_base64="LDdA3MBk26EcvQHurfDla29lZFo="></latexit><latexit sha1_base64="nxQydHvzmhqw8koMA/1MdPXz2h4="></latexit>

a0,a1,a2, . . .
<latexit sha1_base64="x3hb+V+WjugpjpagI5hYueSkzqo="></latexit><latexit sha1_base64="OUmi3WwNffWpgajZrOQneZ/qtmU="></latexit><latexit sha1_base64="OUmi3WwNffWpgajZrOQneZ/qtmU="></latexit><latexit sha1_base64="CpglFBMAk7JFrirJzmLYdKK+7pg="></latexit>

r1, r2, r3, . . .
<latexit sha1_base64="JFr0fK3B4wzAXWVb7uSFyHv9eME="></latexit><latexit sha1_base64="wOylvjErMHZVQngzmVcokqLsJms="></latexit><latexit sha1_base64="wOylvjErMHZVQngzmVcokqLsJms="></latexit><latexit sha1_base64="G7uACYZmAnIKf3oCWlggoV4ceGo="></latexit>

Sutton & Barto, Reinforcement Learning: An Introduction, MIT Press (2018) 
Mehlig, Machine learning with neural networks, CUP (2021)

st
<latexit sha1_base64="GHcMeYahVuJBgL9J5GPzFcz7za8="></latexit><latexit sha1_base64="QXMxjpY2ph5N0jOFgbOdXhg8Ylk="></latexit><latexit sha1_base64="QXMxjpY2ph5N0jOFgbOdXhg8Ylk="></latexit><latexit sha1_base64="FSrY+maMR1RojGYycfzCJtT6LCs="></latexit>

at
<latexit sha1_base64="DVYJ9nvUli/ib3/hjpCYaXNhp6w="></latexit><latexit sha1_base64="eQMYcx2rzz4SatVZlwfpEkNbtn4="></latexit><latexit sha1_base64="eQMYcx2rzz4SatVZlwfpEkNbtn4="></latexit><latexit sha1_base64="ymiTWOYDkj+6drwkfd5OhqIVy+o="></latexit>

<latexit sha1_base64="9SKAyuo7tF0RoOhpEp2VNTEm8y4="></latexit>

Rt =
PT�1

⌧=t r⌧+1



Backgammon

15

Reinforcement learning allows computers to learn to play board games. 

Tesauro, NIPS (1991)

Tesauro, Communications of the ACM (1995)



AlphaGo

16

Reinforcement learning allows computers to learn to play board games. 

                                                                               Agents: two players, 
                                                                               Environment: the opponent, 
                                                                               States: board configurations, 
                                                                               Actions: moves, 
                                                                               Future reward:               (win), 
                                                                                                                    (lose). 

                                       

Silver et al. Nature (2016,2017)

<latexit sha1_base64="2c73l766BNb57A1uhLoAscOR98w="></latexit>

r = +1
<latexit sha1_base64="JGYq0IufeSLtl6Y5HhC40ehzO44="></latexit>

r = �1

Alex Hern, in: The Guardian (2016)

British GO association



Control
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Control of soaring glider with reinforcement learning. 

Different representations of actual glider trajectories. Left: soaring with learned strategy. 

Reddy, Wong-Ng, Celani, Sejnowski & Vergassola, Naturę (2018)

roll-wise torque

gradients of vertical 
wind velocity



Associative reward-penalty algorithm

18

Behavioural sciences: learn to associate expected behaviour given certain stimuli. 

Single stochastic neuron subject to stimuli  

with                 and                                .  

Reward 

Learn to maximise reward by adjusting the weights. 

Learning rule                                  , related to Hebb’s  
rule 

Better convergence with asymmetry, reduce weight 
update  by factor                 when                                                                 

<latexit sha1_base64="lY9Y3YjKkz3c869KUKdgGxsDt3k="></latexit>

y =

(
+1 with probability p(b) ,

�1 with probability 1� p(b) ,
<latexit sha1_base64="8B3b2OsP42o/ZBfyfRQppB8OJRA="></latexit>

b = w · x
<latexit sha1_base64="fpowCsGMCbWHtEwn9HGNB3RQcvk="></latexit>

p(b) = (1 + e�2b)�1

<latexit sha1_base64="s7R5cVrdiJivNQeglQxJvT18RVg="></latexit>x
<latexit sha1_base64="pFTFxZiPKHOIKhcz5VMC1GJOPwU="></latexit>

preward y=�1 y=+1

x(1) = [1, 0]T 0.6 0.8

x(2) = [1, 1]T 0.3 0.1

<latexit sha1_base64="1plTr05flrItHNl2Wo0B+Khdq4s="></latexit>

r(x, y) =

(
+1 with probability preward(x, y),

�1 with probability 1� preward(x, y).

<latexit sha1_base64="ABvbsqmPKNoZ54ZR4p24jwvyFNw="></latexit>

0 < � < 1
<latexit sha1_base64="gtYqd9hRI7pE4jzO+xfNn7VOzhQ="></latexit>

r = �1

<latexit sha1_base64="M59ZQDN6xI3QtiTVOYAML63vuRQ="></latexit>

rmax = 1
2

⇥
hr(x(1),+1)ireward + hr(x(2),�1)ireward

⇤

<latexit sha1_base64="zMxs1LCuB1H7AIVz4LDdmzgUyv4="></latexit>

= 1
2 [0.8� 0.2 + 0.3� 0.7] = 0.1

Maximal expected reward

Reward probabilities

<latexit sha1_base64="aO/r8b3PLc/OM5S1DTqV238PW04="></latexit>

�wn = ⌘r[y � hyi]xn ,
<latexit sha1_base64="SPug1Bk6US36MPtypwfRR1mtMOU="></latexit>

�wmn = ⌘ymxn ,



Temporal difference learning

19

Future reward                            . 

Use neural network with input      (state) to estimate      ,   

Minimise energy function                                       using 
gradient descent: 

Trick: express error                    as sum over temporal differences

<latexit sha1_base64="9SKAyuo7tF0RoOhpEp2VNTEm8y4="></latexit>

Rt =
PT�1

⌧=t r⌧+1

<latexit sha1_base64="C5ytlkKc4rmkP8WnoxPysfqa8eA="></latexit>st
<latexit sha1_base64="XWUOcC4M3j7c3K6aW7RKlj8MTsg="></latexit>

Rt

<latexit sha1_base64="0mI86V2KRnCgR1UdVhBXGuQknuI="></latexit>

O(st) = w · st (linear unit, weight vector      )<latexit sha1_base64="IOxpbWvnlibIm19EPO276Io14jg="></latexit>w
wN

<latexit sha1_base64="3o5LhRWQyLLd/ohICKpZNKrYQME="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="loSU5sJu6TtNfc0za4GuNSsESVA="></latexit>

w1
<latexit sha1_base64="VEmXGsrCmczB7Rz65zOynGy0gfk="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="xCXPN3sGxSZfJyl4BnNczRkJjH4="></latexit>

<latexit sha1_base64="fGmnWs4KbPUzt/SAKSREqizg/e4="></latexit>s1t

<latexit sha1_base64="Apm9gjtH8Erp1E+RGtsuCSW538k="></latexit>s2t

<latexit sha1_base64="Jkm635NtjG9OjZYHpSu8fgIdLpU="></latexit>sNt

<latexit sha1_base64="NwMLh22TvNwJqK7nPNsaiU0pZZo="></latexit>

O(st)

<latexit sha1_base64="WMmi+QblipSzWUrSd8Z5RKU2JDs="></latexit>

H = 1
2

T�1X

t=0

[Rt �O(st)]
2

<latexit sha1_base64="oEbA0IRfr8t4ROlGKX68JOoDZ7w="></latexit>

�wm = ⌘

T�1X

t=0

[Rt �O(st)]
@O

@wm

<latexit sha1_base64="V+oMAkKF9WKQg3klEA2QRR5Qggw="></latexit>

Rt �O(st)

with 
<latexit sha1_base64="SoQwKCS0PSxduojNjlK22In8Wx0="></latexit>

O(sT ) ⌘ 0

<latexit sha1_base64="g9tP/0vAHv5wZsuTOUgg41D9FEg="></latexit>

Rt �O(st) =
T�1X

⌧=t

[r⌧+1 +O(s⌧+1)�O(s⌧ )]



Temporal difference learning
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Insert this expression for                   into the gradient-descent 
rule: 

Terms in this double sum can be summed in a different way 

Exchange summation variables and add weights    : 

Alternative: update       (and hence      ) at every time step: 

This is the temporal difference learning rule TD(   ). 

wN
<latexit sha1_base64="3o5LhRWQyLLd/ohICKpZNKrYQME="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="R1La1ilRrIg6T/Cfl7F+JoIsd2U="></latexit><latexit sha1_base64="loSU5sJu6TtNfc0za4GuNSsESVA="></latexit>

w1
<latexit sha1_base64="VEmXGsrCmczB7Rz65zOynGy0gfk="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="nMQWviAPa7vYY0anOm5sLHdU08w="></latexit><latexit sha1_base64="xCXPN3sGxSZfJyl4BnNczRkJjH4="></latexit>

<latexit sha1_base64="fGmnWs4KbPUzt/SAKSREqizg/e4="></latexit>s1t

<latexit sha1_base64="Apm9gjtH8Erp1E+RGtsuCSW538k="></latexit>s2t

<latexit sha1_base64="Jkm635NtjG9OjZYHpSu8fgIdLpU="></latexit>sNt

<latexit sha1_base64="NwMLh22TvNwJqK7nPNsaiU0pZZo="></latexit>

O(st)

<latexit sha1_base64="V+oMAkKF9WKQg3klEA2QRR5Qggw="></latexit>

Rt �O(st)

<latexit sha1_base64="NayjW+EDmbVm+/QqmMeXwRGze3o="></latexit>

�w = ⌘

T�1X

t=0

T�1X

⌧=t

[r⌧+1 +O(s⌧+1)�O(s⌧ )]st

<latexit sha1_base64="gLaSh9fExElSAe4gVMNI0Fq5N9o="></latexit>

�w = ⌘

T�1X

⌧=0

⌧X

t=0

[r⌧+1 +O(s⌧+1)�O(s⌧ )]st

<latexit sha1_base64="yAbiF5miDZL6vZaS3lKl6/G98W8="></latexit>w
<latexit sha1_base64="+NkJTSXs13axveIFZ3Qi35pMAyY="></latexit>

O

<latexit sha1_base64="x5RWiPtZjyoLzLwENMwTr1pwLw8="></latexit>

�

<latexit sha1_base64="x5RWiPtZjyoLzLwENMwTr1pwLw8="></latexit>

�

<latexit sha1_base64="Pw5V57fURiGeV3qYgpd1RN1Rjac="></latexit>

�wt = ⌘[rt+1 +O(wt,st+1)�O(wt,st)]
tX

⌧=0

�
t�⌧s⌧

<latexit sha1_base64="UjL2jtOh7aGRGABouHDoawRG+4U="></latexit>

�w = ⌘

T�1X

t=0

[rt+1 +O(st+1)�O(st)]
tX

⌧=0

�
t�⌧s⌧



SARSA
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Temporal difference learning TD(   ) 

The TD(0)-rule corresponds to the following learning rule for the network output 

For a sequential decision process, estimate the expected future reward given      and 

To update one needs     ,     ,         ,        ,          (SARSA).  

Problem: iteration depends upon policy for how to choose the next action,         . 
Greedy policy: choose the action one with largest                 .  
Stochastic policy: mainly greedy, but sometimes do something else. 

Explore-versus-exploit dilemma.
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(win),            (draw),                (lose).

Q-learning
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The Q-learning rule is an approximation to SARSA that does not depend on          . 

Instead one assumes that the next action,        , is the optimal one, regardless of 
the policy that is currently followed: 

Q-learning is simpler than SARSA, but approximate. 

Learn to play tic-tac-toe: 
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Motile micro-organisms
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Kessler, Nature 313  
(1985) 218

Stefan Di Criscio (2012) youtube.com

Sengupta, Carrara & Stocker, Nature 543  
(2017) 555

Lovecchio, Climent, Stocker & Durham,  
Science Advances 5 (2019) 2375

Gustavsson, Berglund, Jönsson & Mehlig,  
Phys. Rev. Lett. 116 (2016) 108104

Motile micro-organisms in the ocean react to sensory input.  

Copepods jump to escape predator                      Gyrotaxis for vertical migration 

Shape change: bet-hedging in a turbulent eddy      Chain formation for vertical migration 
                                                                     
                                                                            
                                                                                                                                                                                        
                                                                                             Mechanism: 
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Optimal strategy not obvious. Depends on the signals the organism picks up as it moves 
(strain, vorticity, fluid acceleration), and upon how it may respond. 

Use machine-learning to find optimal strategies for selected targets. Goals:  
  -understand which selective pressures matter for evolution 
  -improve models for motile microswimmers 
  -optimise smart swimmers to perform certain tasks 

Phytoplankton in the ocean: maximise upward swimming velocity to reach water surface. 

Zooplankton (copepods): jump to minimise risk of predation. 

Control problem: minimise time for active particle to move from A to B in turbulent flow. 
Control variable: steering angle. 

Responses: change buoyancy, shape, internal mass distribution, swimming speed & stroke... 

Colabrese, Gustavsson, Celani & Biferale, Phys. Rev. Lett. 118 (2017) 158004

Ardeshiri, Schmitt, Souissi, Toschi & Calzavarini, J. Plankton. Res. 39 (2017) 878

Buzzicotti, Biferale, Bonaccorse, Clark Di Leoni & Gustavsson (2019)

Reinforcement learning for microswimmers



Symmetries
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Colabrese, Gustavsson, Celani & Biferale, Phys. Rev. Lett. 118 (2017) 158004 
Buzzicotti, Biferale, Bonaccorse, Clark Di Leoni & Gustavsson, Chaos 29 (2019) 103138 
Alegashan, Verma, Bec & Pandit, Phys. Rev. E 101 (2020) 043110 
Schneider & Stark, Europhys. Lett. 127 (2019)  34003 
Gunnarson, Mandralis, Novati & Koumoutsakos, arxiv:2102.10536 (2021) 
Muinos-Landin, Fischer,  Holubec & Cichos, Science Robotics 6 (2021) 

Proof-principle-studies show that reinforcement learning finds superior strategies. 

Agents had access to global information in lab frame. But usually agents don’t carry a map: 
signals & actions are local. 

To learn good strategies for vertical migration in  
isotropic flow requires symmetry breaking in signals  
and/or actions. 

Example: settling allows upward navigation in steady isotropic 
flow using only local signals (strain) and actions (local steering). 

settlingno breaking 
of symmetry

Qiu, Mousavi. Gustavsson, Xu, Mehlig & Zhao, arxiv:2104.11303 (2021)



Black box?
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Reinforcement learning gives interpretable results.  

Q-matrix allows to infer mechanism that underlies optimal strategy. 

Previous example: swimmer navigating two-dimensional steady isotropic flow with local 
signals and actions. Symmetry breaking due to gravity: settling & gyrotaxis.  

Swimmer measures local strain. 

It learns to behave like a slender 
passive, bottom-heavy particle that 
tends to sample upwelling regions 
of the flow that transport the particle 
 upwards. 
     
      

Qiu, Mousavi. Gustavsson, Xu, Mehlig & Zhao, arxiv:2104.11303 (2021)

Gustavsson, Berglund, Jönsson & Mehlig,  
Phys. Rev. Lett. 116 (2016) 108104

upwelling region



Challenges
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Curse of dimensionality (Q learning inefficient if number of state-action pairs too large) 
   -resolved by deep reinforcement learning (old idea)? 
   -use symmetries to reduce size of Q matrix? 

Interpretation (how to extract most important and robust features of best strategy) 
   -general method? 

Signals 
   -how does organism perceive the flow?  
   -which signals are most important for given reward function? 
   -which signals can micro-robot measure reliably? 
    
Reward function 
   -reward based on mean values doesn’t allow to learn to respond to rare events 
   -competing rewards (minimise energy consumption, avoid predation) 
 
Convergence 
   -convergence proofs of Q-learning rely on Markovian dynamics. Usually not Markovian. 

Redaelli, Candelier, Mehaddi & Mehlig, 
arxiv:2105.01408 (2021)



Beyond single swimmers
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Collective search strategies 
   -collective olfactory search in turbulence 
    (heuristic model) 

Optimal strategies for individuals of different species to avoid competition for resources? 
   -evolutionary branching 

Population genetics 
   -competition/speciation/game theory 
   -remains to be seen whether reinforcement learning can inform genetics/evolution 

Multi-agent reinforcement learning 
   -efficient strategies for distributed search in fluctuating environments 

Durve, Piro, Cencini, Biferale, Celani, Phys. Rev. E 102 (2020) 012402 

Sagitov, Mehlig, Jagers & Vatutin, Theor. Pop. Biol. 83 (2013) 145

Ravinet, Faria, Butlin, Galindo, Bierne, Rafajlovic, Noor, Mehlig & Westram,  
J. Evol. Biol.  30 (2017) 1450

Busonio, Babuska & Schutter, IEEE Transactions on systems, Man &  
Cybernetics C: Applications and Reviews 38 (2008)



Conclusions
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Supervised learning with artificial neural networks was studied in the 40ies, 60ies, 80ies. 
In the last few years: deep-learning revolution due to 
  
  - better training sets 
  - better hardware (GPUs, dedicated chips) 

Unsupervised learning: learning without labels. Requires redundancy. 

   - clustering of high-dimensional data 
   - topographic maps 
   - non-linear projections  
   - self-organising maps in the visual cortex? 

Reinforcement learning was developed in the 80ies and 90ies.  
In the last few years: success due to better hardware and deep Q-learning. 

    - AlphaGo 
    - Multi-agent reinforcement learning 


