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Abstract

In this thesis, we explore the transitions between turbulent states from a 3D flow state towards
a quasi-2D condensate known as the large-scale vortex (LSV). Using direct numerical simulations
of rotating Rayleigh-Bénard convection, we sensitively probe the boundaries of the domain of
existence of the LSV. By assessing the morphology of the LSV as well as the energy fluxes in
the flow, we carefully choose characteristic quantities that can act as the order parameter of the
transition. Contrary to what one may expect in such vigorously fluctuating turbulence, we find
that the transitions into the LSV state are sharp and discontinuous and we identify the presence
of a hysteresis loop as well as nucleation and growth type of dynamics, manifesting a remarkable
correspondence with first-order phase transitions in equilibrium statistical mechanics. We also
investigate the influence of the size of the simulation domain in order to extrapolate our findings
to the very large scales that are relevant to many geophysical and astrophysical flows.
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Preface

In front of you lies the graduation thesis “The transition towards a Large-Scale Vortex in fluid
turbulence”, in fulfillment of the MSc. Applied Physics at Eindhoven University of Technology.1

I would like to warmly and gratefully thank my supervisors Rudie Kunnen and Herman Clercx for
their excellent supervision and mentoring throughout this thesis work. It was a joy to learn from
you! A special thanks also goes to Andrés Aguirre Guzmán for his involvement in this project
and his very helpful contributions throughout our meetings and discussions. I furthermore want
to thank Josefine Proll and Alexey Lyulin for taking part in the thesis committee.

The results of this thesis work are also covered in the corresponding article X. M. de Wit, A. J.
Aguirre Guzmán, H. J. H. Clercx, and R. P. J. Kunnen. Discontinuous transitions towards vortex
condensates in buoyancy-driven rotating turbulence: Analogies with first-order phase transitions.
Submitted to Physical Review Letters. arXiv:2106.01158.

I hope the reader will enjoy reading this thesis, and I would like to open with a small wink, ‘met
een knipoog’, to the celebrated words of Lewis Fry Richardson [78].

“Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity...”

...But some whirls feed the largest whirl,
this sparks our curiosity!

– with a wink to Lewis Fry Richardson (1922) [78]

1Graduation project 45 ECTS, track Fluids, Bio and Soft Matter.
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Chapter 1

Introduction

Convective flows, driven by buoyancy, are an omnipresent feature of nature, from the liquid metal
in the Earth’s core, to the surface of the sun and the planetary gas giants [7, 21, 26, 43, 64]. Owing
to their large scale, most of these geophysical and astrophysical flows are simultaneously affected by
the rotation of the celestial body itself. Although investigations of the interplay between rotation
and buoyancy date back to as early as 1735, when Hadley [41] successfully linked the emergence
of trade winds in our atmosphere to the rising warmer air near the tropics and sinking colder
air at higher latitudes, the study of rotating convective flows remains a highly relevant research
topic today, with recent investigations showing new advancements in, for example, the modeling
of planetary cores [37] and the understanding of tornado formation in large-scale (supercell)
thunderstorms [45]. The canonical system in which these flows are studied is known as rotating
Rayleigh-Bénard convection (RRBC), adding background rotation to the classical convection
model named after the pioneering work of Lord Rayleigh [60] and Henri Bénard [11].

Depending on the relative magnitude of the thermal forcing and the rotation of the convection
system, we can distinguish three main flow regimes in RRBC [20, 25, 50, 55]. At high thermal
forcing and/or weak rotation, the flow approaches the non-rotating results of classical Rayleigh-
Bénard convection, referred to simply as the ‘rotation-unaffected’ regime. Upon a relative increase
of rotation, an intermediate regime, coined ‘rotation-affected’, is entered where some flow properties
(e.g. the typical flow velocities and temperature gradients) remain largely unaffected, while other
properties (e.g. the typical flow correlation length and the heat transfer), are significantly altered
by the effect of rotation [50]. Finally, at low thermal forcing and/or strong rotation, the ‘rotation-
dominated’ regime is obtained, which is characterized by the dominant geostrophic force balance
between the Coriolis force arising from the background rotation and the pressure gradient. Within
this latter regime, several subranges have been considered [1, 48, 75] as shown in Figure 1.1, ranging
from entirely vertically oriented columnar cells, to increasingly more turbulent flow states as the
thermal forcing is increased, finally entering what is referred to as the geostrophic turbulence

Figure 1.1: Flow structure shown through renders of the temperature fluctuation field for the
different subranges within the rotation-dominated regime: (a) cells, (b) convective Taylor columns,
(c) plumes, (d) geostrophic turbulence. Figure from Plumley et al. (2016) [75].
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CHAPTER 1. INTRODUCTION

regime. It is this regime that is the principal focus of this work, which gives rise to intricate flow
dynamics, yielding turbulence even at very small deviation from the strict geostrophic balance,
while retaining strong rotational constraint.

The (rotating) Rayleigh-Bénard convection system has proven to be a popular model to study
fluid turbulence, as the flow is known to become turbulent even at low amounts of thermal forcing,
quickly after onset of convection [18]. A ubiquitous characteristic of 3D turbulence is the direct
energy cascade, transporting kinetic energy from the injection scale, through the intermediate
length scales towards the smallest scales in the system, following the theory of Kolmogorov [51].
However, in some occasions in forced rotating turbulence, a partial inverse energy flux can be
found [13, 68, 82, 85, 100], carrying a certain fraction of the kinetic energy from the injected scale
towards larger scales, much akin to what is observed in 2D turbulence as described in the theory
of Kraichnan and Batchelor [9, 52]. The fact that a 3D rotating turbulent flow can develop an
inverse cascade is a consequence of the flow becoming quasi-2D at high rotation rates, following
the observations in the early-20th century by Taylor and Proudman [77, 89], who showed that
under a strict geostrophic balance, any variations of the velocity in the direction of rotation must
vanish. As a result of the inverse energy cascade, kinetic energy piles up at the largest available
length scale and condensates into a domain-filling vertically coherent vortex structure known as
the Large-Scale Vortex (LSV), shown in Figure 1.2.

Figure 1.2: 3D render of an LSV in RRBC from a snapshot of the horizontal kinetic energy. Figure
from Aguirre Guzmán et al. (2020) [2].

Recently, the formation of these LSVs has also been found in simulations of rotating Rayleigh-
Bénard convection [29, 39, 48, 81, 86] in the geostrophic turbulence regime and it is now considered
a central feature of this particular regime. The LSV is presumed to be present within the parameter
range that is relevant to many of the geophysical and astrophysical flows and specifically, it is
understood to be a crucial mechanism in the formation of the Earth’s magnetic field [7, 40, 80]
as well as for the zonal winds observed on Jupiter and Saturn [42, 44, 87]. The LSV is found
to be stable within a limited band of thermal forcing: on the one hand, there must be enough
thermal forcing such that there is a sufficient amount of turbulent kinetic energy that can be
transported upscale, whereas on the other hand, increasing the thermal forcing must not render
the flow insufficiently rotationally constrained, breaking the 2D conditions and hence the upscale
transport [29, 39]. This results in two distinct transitions for the LSV as depicted in Figure 1.3,
showing the domain of existence of the LSV in the phase space of thermal forcing, quantified
through the Rayleigh number Ra and the (inverse of) rotation, quantified through the Ekman
number Ek (see Section 2.1.2).

2 The transition towards a Large-Scale Vortex in fluid turbulence
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Figure 1.3: Domain of existence of the LSV in the Ra − Ek phase space for a fluid with Prandtl
number Pr = 1 (see Section 2.1.2), adapted from Favier et al. (2014) [29]. The dark gray area
corresponds to the stable regime, where the thermal forcing is insufficient to drive a convective
flow [18], and the lighter gray area represents the LSV regime. The LSV transitions are denoted
by the blue line (low-Ra transition) and orange line (high-Ra transition). The suggested scalings

are Ra ∼ Ek−4/3 for the low-Ra LSV transition and Ra ∼ Ek−2 for the high-Ra transition [29, 39].
The black line connecting both transitions at the high Ek side of the domain of existence depicts
a high Ek cut-off based on observations in Favier et al. (2014) [29].

This work aims to elucidate the phase transition that the flow undergoes upon crossing either
of these two boundaries of the domain of existence of the LSV in rotating convection, employing
analogies with statistical mechanics. Historically, many investigations have been carried out to
apply methods of equilibrium statistical mechanics in (quasi-)2D turbulence [49, 53, 65, 66, 73],
with remarkable success in spite of the inherent deterministic-chaotic and dissipative nature of
turbulence itself. Specifically, it is surmised that the large-scale condensate states may arise as
a thermal equilibrium state from an abstracted statistical mechanical model of 2D turbulence,
although this remains conjectural [4, 14]. Attempts to interpret fluid turbulence transitions as
statistical physical phase transitions are proposed in refs. [30, 32, 36], suggesting a critical phase
transition from a direct energy cascade to an inverse cascade at a critical “effective” or fractal
dimension between 2 and 3 (which they control by continuously varying the extent to which
enstrophy is conserved). In their review of cascades and transitions in turbulence, Alexakis and
Biferale (2018) [4] distinguish smooth transitions, discontinuous first-order phase transitions and
continuous second-order phase transitions in the transition from a strictly forward energy cascading
state to a (partial) inverse cascade or condensate state, following the nomenclature of equilibrium
statistical mechanics, see also Figure 1.4. This will be used as a starting point for the classification
of the LSV transition in the rotating convection system in this work.

In this thesis, we perform direct numerical simulations (DNS) of the full set of Navier-Stokes
equations that governs the flow, focusing on cases close to the LSV phase transitions. Based on our
observations of the LSV, we then formulate different characteristic quantities for the LSV, with
which we aim to quantitatively capture the LSV transition, fulfilling the role of the order parameter
in the statistical mechanical framework (say, the ordinate in Figure 1.4). We propose quantities
based on the flow morphology, through kinetic energy and vorticity, as well as on the transport rate
of kinetic energy into the LSV. For the latter, we employ sensitive time-averaged measurements
of the scale-to-scale transfer of kinetic energy throughout the flow. We investigate which of the

The transition towards a Large-Scale Vortex in fluid turbulence 3
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Figure 1.4: A sketch of the different possible classes of phase transitions from a forward to an
inverse energy cascade: (a) shows a smooth transition, (b) shows a second-order transition and
(c) shows a first-order transition. Adapted from Alexakis and Biferale (2018) [4].

different characteristic quantities that are considered most adequately describe the transition from
the non-LSV state to the LSV state. With the toolbox in place, we then examine separately the
low-Ra and high-Ra LSV transitions in order to identify to which of the aforementioned classes
of phase transitions they belong and we seek to establish the physical mechanisms that underlie
these transition.

The relevant dynamical equations and definitions, as well as the set-up of the numerical
method are treated in Chapter 2. The properties of the LSV and the different parameters that
are considered as characteristic quantities for the analysis of the LSV transition are explored in
Chapter 3, completing our toolbox for the remainder of the work. The results for the phase
transitions at the two different phase boundaries of the LSV are then discussed in detail in
Chapter 4 and 5. In Chapter 6, we investigate how our findings extend to ever larger scales
by exploring the influence of the aspect ratio of the simulation domain and we provide a brief
outlook on the influence of changing fluid properties on the LSV formation. Finally, Chapter 7
covers the main conclusions and outlook of this thesis.

4 The transition towards a Large-Scale Vortex in fluid turbulence



Chapter 2

Simulating rotating
Rayleigh-Bénard convection

2.1 Governing equations

In this work, the rotating Rayleigh-Bénard convection problem is considered in an Eulerian
framework on a Cartesian coordinate system with coordinates (x, y, z) and accompanying unit
vectors (ex, ey, ez). The coordinate frame is co-rotating with the background rotation of the
system Ω = Ωez that is defined to be aligned with gravity −gez, which is hence termed the
vertical direction. The hot bottom and cold top of the domain are separated by a height H and
have temperatures Th and Tc, respectively. See Figure 2.1 for a schematic representation.

In between, a convective flow develops with velocity u(x, y, z, t) = uex+vey+wez, temperature
T (x, y, z, t) and pressure p(x, y, z, t), that are fields of both space and time t. For the numerical
implementation, we aim to simulate horizontally unbounded flow by implementing a square cuboidal
domain of finite width D that is periodic in both horizontal directions.

!
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*+

*,
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Figure 2.1: A schematic representation of the rotating Rayleigh-Bénard convection system in its
computational domain.
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CHAPTER 2. SIMULATING ROTATING RAYLEIGH-BÉNARD CONVECTION

2.1.1 Conservation equations

The evolution of the flow is governed by the Navier-Stokes equations. To account for buoyancy due
to temperature differences in the flow, we adopt the Oberbeck-Boussinesq approximation [15, 71],
that assumes a linear dependence between the density difference and the temperature difference
with respect to some reference density ρ0 and temperature T0, giving

ρ(T ) = ρ0 (1− α(T − T0)) , (2.1)

where α is the thermal expansion coefficient. The Oberbeck-Boussinesq approximation entails
that other than the buoyancy effects, all flow properties remain unaffected by the density and
temperature variations. Assuming an incompressible Newtonian fluid with constant heat capacity
cp and furthermore neglecting any heat production by viscous dissipation, the equations for
conservation of mass, momentum and energy in the Oberbeck-Boussinesq approximation become

∇ · u = 0, (2.2a)

∂u

∂t
+ (u ·∇)u = −∇P + ν∇2u + gα(T − T0)ez + f , (2.2b)

∂T

∂t
+ (u ·∇)T = κ∇2T, (2.2c)

where the thermal diffusivity is κ = k/(cpρ0) with k the thermal conductivity of the fluid and
we introduced a reduced pressure P , subtracting the hydrostatic pressure so that its gradient
includes the gravitional contribution ∇P = ∇(p/ρ0 + gz). Finally, ν is the kinematic viscosity
and f denotes the acceleration due to remaining forces that are present in the fluid.

In our case, the only contribution to f is a pseudo-force that is a consequence of the co-rotating
coordinate frame. The time derivative of any vector q = qxex + qyey + qzez in the non-rotating
inertial frame I is affected by the background rotation of our coordinate frame R as(

dq

dt

)
I

=

(
dqx
dt

ex +
dqy
dt

ey +
dqz
dt

ez

)
+

(
qx

dex
dt

+ qy
dey
dt

+ qz
dez
dt

)
,

=

(
dq

dt

)
R

+ (qxΩ× ex + qyΩ× ey + qzΩ× ez) ,

=

(
dq

dt

)
R

+ Ω× q,

(2.3)

where we used that a (unit) vector rotates as de/dt = Ω× e.

Now, using the position vector r in this transformation by taking q = r gives the velocity in
the inertial frame uI = (dr/dt)I = (dr/dt)R + Ω × r, whereas then taking q = uI yields the
acceleration in the inertial frame aI , assuming that Ω is independent of time, as

aI =

(
duI
dt

)
I

=

(
d

dt
((dr/dt)R + Ω× r)

)
R

+ Ω× ((dr/dt)R + Ω× r),

= aR + 2Ω× uR + Ω×Ω× r,

(2.4)

where we arrived at the expressions for the pseudo-forces that are experienced in our co-rotating
frame, namely the Coriolis force (second term) and the centrifugal force (third term). Although
the latter could be rewritten, analogous to how we treated the gravitational term, to be included
in the pressure gradient term, we neglect the effect that it has on locally changing the direction of
the net buoyancy (due to the contribution of centrifugal buoyancy), which experimentally turns
out to be a good approximation when the Froude number Fr = Ω2D/(2g) < 0.1 [19].

The Coriolis force, on the other hand, plays a central role in rotating Rayleigh-Bénard convection
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CHAPTER 2. SIMULATING ROTATING RAYLEIGH-BÉNARD CONVECTION

and including it in our conservation equations finally yields

∇ · u = 0, (2.5a)

∂u

∂t
+ (u ·∇)u = −∇P + ν∇2u + gα(T − T0)ez − 2Ω× u, (2.5b)

∂T

∂t
+ (u ·∇)T = κ∇2T. (2.5c)

The Taylor-Proudman theoreom is now readily obtained from equation (2.5b) in the limit of high
steady rotation rate, where the Coriolis term dominates over the inertial, viscous and buoyant
terms and is balanced only by the pressure term. Taking the curl of this balance then yields

∇× (2Ω× u) = −∇×∇P = 0,

and using a vector identity for the left hand side gives

∇× (Ω× u) = (u ·∇)Ω− (Ω ·∇)u + Ω∇ · u− u∇ ·Ω = 0,

where using equation (2.5a) and using the fact that Ω is constant, only the second term survives,
yielding

(Ω ·∇)u = 0, (2.6)

implying that the gradient of the velocity in the direction parallel to the rotation axis vanishes,
which signifies a quasi-2D flow in the rotation-dominated limit.

2.1.2 Non-dimensionalization

Our dynamical equations can now be non-dimensionalized into what is commonly referred to as
convective units using the free-fall velocity scale U =

√
gαH∆T [76], where ∆T = Th − Tc is the

temperature difference between the bottom and top of the system. Using furthermore H as the
characteristic length scale, we can then define the dimensionless quantities as

x̃ = x/H, t̃ = tU/H, ũ = u/U, T̃ = (T − Tc)/∆T, P̃ = P/U2, ∇̃ = H∇. (2.7)

Substituting in these dimensionless quantities, as well as Ω = Ωez and defining T0 = Tc as the
reference temperature, we can rewrite equations (2.5a)-(2.5c) as

∇̃ · ũ = 0, (2.8a)

∂ũ

∂t̃
+ (ũ · ∇̃)ũ = −∇̃P̃ +

ν

UH
∇̃2ũ + T̃ez −

2ΩH

U
ez × ũ, (2.8b)

∂T̃

∂t̃
+ (ũ · ∇̃)T̃ =

κ

UH
∇̃2T̃ . (2.8c)

The prefactors of the viscous and thermal diffusion terms can be rewritten into two dimensionless
numbers, the Rayleigh number and Prandtl number, defined, respectively, as

Ra ≡ U2H2

νκ
=
gαH3∆T

νκ
, Pr ≡ ν

κ
, (2.9)

such that the latter only describes fluid properties, quantifying the ratio between viscous and
thermal diffusion in the fluid, whereas the former quantifies the thermal forcing of the system as
the ratio between buoyancy and dissipation.

The prefactor of the Coriolis term is known as the inverse of the Rossby number1

Ro ≡ U

2ΩH
=

√
gαH∆T

2ΩH
, (2.10)

1Since the Rossby number is defined using the free-fall velocity U as the characteristic velocity scale, it is also
commonly referred to as the convective Rossby number [21].

The transition towards a Large-Scale Vortex in fluid turbulence 7
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quantifying the relative importance of rotation in the system as the ratio between inertial and
Coriolis forces.

With these definitions in place, we can finally rewrite our set of equations as

∇̃ · ũ = 0,

∂ũ

∂t̃
+ (ũ · ∇̃)ũ = −∇̃P̃ +

√
Pr

Ra
∇̃2ũ + T̃ez −

1

Ro
ez × ũ,

∂T̃

∂t̃
+ (ũ · ∇̃)T̃ =

1√
PrRa

∇̃2T̃ .

(2.11a)

(2.11b)

(2.11c)

Two alternative measures for the rotation in the system are also commonly used in literature,
being

Ek ≡ ν

2ΩH2
, Ta ≡

(
2ΩH2

ν

)2

, (2.12)

referred to as the Ekman number and Taylor number, respectively. Note, however, that these
quantities are not independent. They can be related as

Ek =
√

1/Ta, Ro = Ek
√

Ra/Pr. (2.13)

Indeed, the control parameter space of the unbounded rotating Rayleigh-Bénard convection system
is described by three independent parameters [17, 54].

In case of bounded convection or, as in this work, when simulating convection on a finite-width
periodic domain, a fourth parameter is added, being the aspect ratio

Γ ≡ D

H
. (2.14)

An important output parameter is the Nusselt number, representing the ratio between the
total (convective and conductive) heat transfer and conductive heat transfer as

Nu ≡ qH

k∆T
, (2.15)

where q is the average total heat transport through the system. Its convective qconv and conductive
qcond contributions can be calculated as

qconv = ρ0cpwT =
k

κ
U∆Tw̃T̃ , qcond = −k∂T

∂z
= −k∆T

H

∂T̃

∂z̃
, (2.16)

such that the volume averaged Nusselt number becomes

Nuvol =
√

PrRa〈w̃T̃ 〉+ 1, (2.17)

where 〈...〉 is used to denote averaging over the entire spatial domain and using that
〈
∂T̃
∂z̃

〉
= −1

since T̃ varies from 1 at z̃ = 0 to 0 at z̃ = 1.
Finally, we want to point out the two different time scales that we consider in this work. We

distinguish the convective time unit τc = H/U , which we used for our non-dimensionalization, and
the viscous time unit τν = H2/ν, which is the longest time scale in the system (for the parameter
range considered in this work). It follows that their ratio is provided by τν/τc =

√
Ra/Pr.

8 The transition towards a Large-Scale Vortex in fluid turbulence
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2.2 Numerical set-up

In our simulations, equations (2.11a)−(2.11c) are numerically solved using a finite-difference scheme
that is second-order accurate in space and uses dynamic fractional-step Runge-Kutta timestepping
that is third-order accurate in time. We use a Fortran implementation that is a modified Cartesian
version of the original code developed by Verzicco and Orlandi (1996) [96] for a cylindrical
coordinate system, which is much akin to the Cartesian code that is laid out in Ostilla-Monico et
al. (2015) [74].

Space is discretized into a Cartesian grid that is non-uniform in the z-direction, as explained
in Section 2.2.2. The velocities are defined at the cell faces corresponding to the lower respective
coordinate, whereas the temperature and pressure are defined at the cell center (staggered grid
layout), see Figure 2.2.

!"

!#

!$

×

&

'

( ), +

Figure 2.2: The definitions of the different field variables within a grid cell.

At the top and bottom of the domain, we enforce stress-free and non-permeability boundary
condition for the velocity field as well as a fixed temperature, i.e.

∂ũ

∂z̃
= 0,

∂ṽ

∂z̃
= 0, w̃ = 0, T̃ = 1 at z̃ = 0,

∂ũ

∂z̃
= 0,

∂ṽ

∂z̃
= 0, w̃ = 0, T̃ = 0 at z̃ = 1.

(2.18)

In both horizontal directions, periodic boundary conditions are applied.
The choice for stress-free boundary conditions, rather than the common alternative no-slip

boundary conditions at the top and bottom is motivated by the findings in earlier works that
the LSV regime is numerically more tractable using stress-free boundary conditions, because the
so-called Ekman pumping from the boundary layers that is inherent to the no-slip boundary
conditions, postpones the development of the LSV to more extreme values of Ra and Ek [2, 31,
56, 75].

2.2.1 Input parameters

The simulations in this work are primarily carried out at Pr = 1 to enable direct comparison
with earlier DNSs [27, 29, 39, 86]. We furthermore consider a fixed Ek = 10−4 for which stable
LSVs have been observed [29, 39] and vary Ra, concentrated around the low-Ra and high-Ra LSV
transitions. In Section 6.2, we provide a brief outlook on the influence of low Pr = 0.1 on the LSV
formation. An overview of the input parameters considered in this work is provided in Table 2.1
and is also shown in the Ra− Ek phase space for Pr = 1 in Figure 2.3.

The transition towards a Large-Scale Vortex in fluid turbulence 9
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Table 2.1: The different series of input parameters used in this work.

#runs Ra Ek Pr Ro Γ Resolution

Low-Ra transition 14 [2× 106 : 1× 107] 10−4 1 [0.14 : 0.32] 2.24 256× 256× 128

Intermediate LSV runs 2 [1.3× 107 : 1.7× 107] 10−4 1 [0.36 : 0.41] 2.24 256× 256× 136

High-Ra transition 30 [2× 107 : 5× 107] 10−4 1 [0.45 : 0.71] 2.24 256× 256× 144

Ensemble 100 6× 106 10−4 1 0.24 2.24 128× 128× 72

Varying aspect ratio 28 [4× 106 : 8× 106] 10−4 1 [0.20 : 0.28] [1.58 : 3.16] [180× 180× 128 :

360× 360× 128]

Low Pr 4 [2× 105 : 1× 106] 10−4 0.1 [0.14 : 0.32] 4.97 512× 512× 144

Unless explicitly stated otherwise, all simulations are initialized with a velocity field that
is zero in all directions and a linear temperature profile connecting both boundary conditions,
superimposed by a random fluctuation of O(10−2). We simulate, depending on how quickly an
equilibrium state is obtained, for between 3,500 and 14,000 convective time units, amounting to
between 0.5 and 2.5 viscous time units.

LSV

Stable

non-LSV

~ Ek"#
~ Ek"$/&

(a) (b)

Figure 2.3: Domain of existence of the LSV in the Ra − Ek phase space for Pr = 1, adapted
from Favier et al. (2014) [29], see also Figure 1.3. The dark gray area corresponds to the stable
regime, where the thermal forcing is insufficient to drive a convective flow, and the lighter gray area
represents the LSV regime. The dashed box in (a) is enlarged in (b), where the red plusses denote
the simulations that are carried out in this work, which are clustered near the LSV transitions.

2.2.2 Grid resolution

We employ a Cartesian grid that is uniform in the x- and y-direction, but non-uniform in the
z-direction, clustering grid cells more closely near the top and bottom of the domain to properly
resolve the boundary layers. We adopt an aspect ratio of

Γ = 10L̃c, (2.19)

where L̃c = 2(2π4)1/6Ek1/3 ≈ 4.82Ek1/3 is the most unstable wavelength for the onset of steady
convection [18]. This is commonly regarded as wide enough so that the flow is not affected by
the finite domain width [19]. It should be noted that in the case of LSVs however, the amplitude
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(and plausibly also the formation) of the LSV is affected by the domain size as it is known to
grow to the largest length scale in the system, which is quantitatively investigated by Maffei et
al. (2021) [61]. Therefore, in Section 6.1, we explore the influence of varying aspect ratio on the
LSV formation in detail.

The different spatial resolutions that are used are included in Table 2.1. To assess whether
these resolutions are sufficient, we separately consider the bulk flow and the boundary layers.
For the bulk resolution, we compare the grid spacing with the smallest scales in the flow. The
smallest kinematic length scale in the system is the well-known Kolmogorov length η, whereas the
length scale of the smallest thermal features is known as the Batchelor length ηT . Their respective
definitions [70] can be rewritten into convective units as

η̃ =

(
Pr

Ra

)3/8

ε̃−1/4, η̃T = η̃Pr−1/2, (2.20)

where ε̃ denotes the kinetic energy dissipation rate [16]

ε̃ =

√
Pr

Ra

∣∣∇̃ũ
∣∣2. (2.21)

In our work Pr = 1 so that η = ηT . We can compare the Kolmogorov scales to the local grid
spacing ∆ = (∆x,∆y,∆z) in each dimension a posteriori from horizontal and temporal averages of
the kinetic dissipation. We calculate the number of Kolmogorov lengths per cell in each direction
∆/η, as is shown in the example in Figure 2.4a.2 In all simulations, we ensure that we maintain
∆/η < 2, which is well below the limit of ∆/η < 4 that was empirically found to be acceptable by
Verzicco and Camussi (2003) [95].

(a) (b)

Figure 2.4: Number of Kolmogorov scales per cell (a) and temperature profiles (b) for the case
Ra = 107. In (b), the dashed lines indicate the boundary layer edges based on the maximum of
the RMS temperature.

To properly resolve the boundary layers at the top and bottom, we furthermore require that
a sufficient number of grid cells resides within these boundary layers. Since this work uses
stress-free boundary conditions, there is no formation of any kinematic boundary layers. For
the thermal boundary layer, different definitions have been used to determine its thickness, based
on (derivatives of) the mean temperature profile, the thermal dissipation rate or the root mean
squared (RMS) temperature [48, 59]. Here we employ the latter method, defining the edge of the

2Note that the grid is uniform in the horizontal direction, so we have ∆x/η = ∆y/η.
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boundary layer at the maximum of the horizontally and temporally averaged RMS temperature
profile, as we found this to be an unambiguous definition that also adequately captures the ‘knee’
in the mean temperature profile that is characteristic for the thermal boundary layer [48], as shown
by the example in Figure 2.4b. We ensure that there are at least 10 grid cells within the thermal
boundary layer for all simulations, which is also empirically coined sufficient by ref. [95].

2.2.3 Performance

The code is parallelized using MPI in the vertical direction, dividing the vertical resolution over
the available CPU cores. We run the production code on the multi-processor cluster Cartesius
[88]. A benchmark of the parallel performance is provided in Figure 2.5. We choose to run the
simulations on two 24-core nodes, which is an exact divisor of the largest vertical resolution that is
used and yields an acceptable overhead of around 50% with respect to the single-core performance.

Figure 2.5: Walltime per iteration in seconds as a function of the number of CPU cores. The test
is carried out at Ra = 2× 107 with a resolution of 256× 256× 144 (see also Table 2.1). The CPU
nodes consist of a double 12-core Intel Xeon at 2.6 GHz.
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Chapter 3

Properties of the Large-Scale
Vortex

In this chapter, we first identify the phenomenology and properties of the LSV in Section 3.1.
Based on these findings, in Section 3.2, we define different characteristic quantities for the LSV,
which are the diagnostic parameters that will form the basis of our toolbox to investigate the
phase transitions towards or away from the LSV state.

In our analysis, we define two different averaging operators: the overbar ... is used to denote
a vertical average i.e. along the z-direction, while angular brackets 〈...〉 represent an average over
the entire spatial domain.

3.1 The Large-Scale Vortex

The LSV emerges as a consequence of the inverse energy flux that develops in the flow. Following
the Taylor-Proudman theorem, equation (2.6), a high rotation rate renders the flow quasi-2D,
fostering the partial upscale energy flux that is inherent to 2D turbulence. This inverse flux then
leads to the accumulation of kinetic energy at the largest scales of the system and ultimately to
the condensation towards the box-filling vertically coherent vortex structure: the LSV. Figure 3.1

0

Figure 3.1: Snapshot of horizontal kinetic energy of the LSV-forming case Ra = 1.7×107, truncated
at three-quarter height to reveal a cross section of the LSV.
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shows a snapshot of the horizontal kinetic energy for one of the LSV-forming cases, from which
the full LSV can be readily observed.

Since the LSV is a largely z-invariant vortex structure, it can also be well observed from the
z-averaged axial vorticity field ωz as well as from the Okubo-Weiss parameter W [72, 99], given
by

ωz =
∂v

∂x
− ∂u

∂y
, W =

(
∂u

∂x
− ∂v

∂y

)2

+

(
∂v

∂x
+
∂u

∂y

)2

︸ ︷︷ ︸
σ2

−
(
∂v

∂x
− ∂u

∂y

)2

︸ ︷︷ ︸
ω2

z

. (3.1)

The Okubo-Weiss parameter can be used to distinguish regions dominated by strain σ (W > 0)
or by rotation (W < 0). A snapshot of one of the LSV-forming cases is provided in Figure 3.2,
showing the LSV as a cyclonic vertically coherent vortex. From the Okubo-Weiss parameter, it can
be observed that there is also a region within the anticyclonic part of the flow that is dominated
by rotation rather than strain, indicating the presence of an, albeit much weaker, anticyclonic
vortex as well.

(a) (b)

Figure 3.2: Plots of the z-averaged axial vorticity ωz (a) and the Okubo-Weiss function of the
z-averaged field W (b) in units of UH−1 and U2H−2, respectively, for the LSV-forming case with
Ra = 107.

Seshasayanan and Alexakis (2018) [83] conjecture that the extent of the cyclone-anticyclone
asymmetry in the vortex condensate is a consequence of the saturation mechanism of the inverse
energy flux. They distinguish two distinct mechanisms. In the viscous condensate, the inverse
energy flux is balanced directly by viscous dissipation from the LSV at the largest scale due to the
large magnitude of velocities in the LSV, favoring a dipolar cylone-anticyclone vortex structure.
In the rotating condensate, on the other hand, the vorticity in the LSV becomes of similar order as
the background rotation, such that the total vorticity (background rotation + flow vorticity) in the
anticyclonic region is significantly reduced, thereby locally violating the quasi-2D conditions of the
flow. As a consequence, the inverse energy flux is balanced by a regular 3D direct forward cascade
in the anticyclonic region, yielding a monopolar cyclonic vortex structure. These mechanisms are
also depicted schematically in Figure 3.3. Since we observe that the cyclonic vortex is evidently
the dominant structure in our simulations, but the Okubo-Weiss parameter still also indicates the
presence of a coherent structure with anti-cyclonic vorticity, we anticipate that our simulations
reside somewhere in between both extremes, where both mechanisms play a certain role in the
saturation of the LSV. A more detailed discussion on which saturation mechanism dominates in
our simulations is provided in Appendix A.
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Figure 3.3: A schematic representation of the two saturation mechanisms of the LSV: the rotating
condensate (left) and viscous condensate (right) as identified by Seshasayanan and Alexakis [83].

Since the LSV resides in the z-averaged flow field, we can further explore the kinetic energy
in the LSV by decomposing the flow field u = u + u′ into a barotropic 2D component u and a
baroclinic 3D component u′, defined as

u = uex + vey, u′ = (u− u)︸ ︷︷ ︸
u′

ex + (v − v)︸ ︷︷ ︸
v′

ey + wez. (3.2)

Mind our subtle choice of symbols here: while we use italic u to denote the complete flow field, we
use upright u and u′ to denote the barotropic and baroclinic flow, respectively. Note furthermore
that the barotropic flow encompasses only horizontal components, by definition, while in the
baroclinic flow u′ = v′ = 0. This decomposition is widely used in the analysis of large-scale
vortices [2, 27, 29, 48, 61, 81, 82]. With these definitions in place, we can then also decompose the
total kinetic energy density Etot = 1

2 〈u
2 + v2 + w2〉 of the flow into Etot = E2D + EH3D + EV3D as

E2D = 1
2 〈u

2 + v2〉, EH3D = 1
2 〈u
′2 + v′2〉, EV3D = 1

2 〈w
2〉, (3.3)

where we distinguish the contribution of the barotropic flow E2D as well as the horizontal and
vertical contributions of the baroclinic flow EH3D and EV3D, respectively.

The evolution of these components of the kinetic energy is shown in Figure 3.4. This shows
how, after initialization, as the LSV starts to grow, the 2D barotropic kinetic energy gradually
becomes the dominant component in the total kinetic energy. The plot also shows how the other
components of kinetic energy, the horizontal and vertical baroclinic kinetic energy, remain largely
unaffected by the emergence of the LSV.

The kinetic energy can also be regarded in Fourier space. To that extent, we calculate the
energy spectrum Êtot(K) by taking the Fourier transform of slabs of the velocity field ûkxky (z) in
the horizontal direction and summing over ring-like shells of horizontal wavenumber K (normalized
by 2π/D) as

Êtot(K) =

∫ H

0

∑
K≤
√
k2x+k2y<K+1

1
2 |ûkxky (z)|2dz. (3.4)

And again we also consider separately the barotropic Ê2D(K) and baroclinic Ê3D(K) contributions
to the energy spectrum from their respective flow components. An example of the energy spectrum
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Figure 3.4: Stacked area plot of the evolution of the different components of kinetic energy for the
case Ra = 107. The individual areas represent their respective contribution to the kinetic energy,
such that the stacked areas together indicate the total kinetic energy density.

for the different components of kinetic energy and the evolution of the first 7 modes of the 2D
barotropic energy is provided in Figure 3.5 for one of the LSV-forming cases. It is evident from
these plots that the LSV predominantly occupies the largest barotropic mode in the system with
K = 1, as we can expect from the notion that it tends to grow to the box scale.

(a) (b)

Figure 3.5: Spectrum of the different components of the kinetic energy (a) and evolution of the
first 7 modes of the 2D kinetic energy (b) for the LSV-forming case Ra = 107.

To understand the dynamics of the RRBC system, we also consider the forcing of the flow.
The convection system is forced through buoyancy by a broadband forcing spectrum, shown in
Figure 3.6 through the spectrum of wT (obtained verbatim to equation (3.4)). It is evident from
the figure that energy is injected at a broad range of scales with its maximum at some intermediate
length scale around K ≈ 10 that coincides well with the most unstable wavelength at onset of
convection Lc that we used to define our domain size.
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Figure 3.6: Spectrum of the buoyant forcing for the case Ra = 107.

The kinetic energy that is injected by buoyancy is then redistributed in the system. To
investigate the transport of kinetic energy between different length scales, we consider the scale-
to-scale energy transport, based on the formalism that is detailed in refs. [5, 23, 67, 68, 93, 94]
and is applied in the context of LSVs in RRBC in refs. [2, 29]. This considers the net energetic
transport from spectral mode Q to mode K through the triadic interactions arising from the
advective term of the Navier-Stokes equations. We distinguish transport of kinetic energy from
baroclinic modes to barotropic modes Tbc(K,Q) and the barotropic to barotropic self-interaction
Tbt(K,Q), expressed as

Tbc(K,Q) = −〈uK · (u′ ·∇u′Q)〉, Tbt(K,Q) = −〈uK · (u ·∇uQ)〉, (3.5)

where uK =
∑
K≤
√
k2x+k2y<K+1 ûkx,kye

ikxxeikyy denotes the Fourier filtered velocity, keeping only

the contributions from the velocity modes of horizontal wavenumber K. If Tbc, Tbt > 0, there is
a net transfer of kinetic energy from mode Q to mode K, whereas there is a net kinetic energy
transport from K to Q if Tbc, Tbt < 0.

The resulting transport maps for an LSV-forming case are shown in Figure 3.7. It is evident
from these plots that aside from the forward downscale direct energy cascade observed near the
diagonal, transporting energy from one spatial scale to a slightly smaller scale, as is the hallmark
of 3D turbulence, there is also a clear upscale transport of kinetic energy in both the baroclinic
to barotropic and barotropic to barotropic transport maps, appreciated from the bottom row
K = 1. This is the upscale transport that is feeding the LSV. Note that unlike the direct forward
cascade, this upscale transport is non-local : energy is transported directly from smaller scales into
the barotropic K = 1 mode in which the LSV resides, without the participation of intermediate
scales. This is consistent with earlier findings [2, 29, 75, 81, 82]. We find that in the LSV regime,
the upscale transport into the largest K = 1 mode constitutes around 1−5% of the total injected
energy.

A thorough analysis of the scale-to-scale kinetic energy transport that we find for the different
flow states throughout the LSV transitions is covered in Section 4.3 and 5.1. Details on the
calculation of the kinetic energy transport maps are provided in Appendix B.
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(a) (b)

Figure 3.7: Scale-to-scale energy transfer plots for baroclinic to barotropic transfer Tbc(K,Q) (a)
and barotropic to barotropic transfer Tbt(K,Q) (b) in units of U3H−1 averaged over time after
entering the equilibrium state for the LSV-forming case with Ra = 107.

3.2 Characteristic quantities

In order to apply tools of statistical mechanics to our investigation of the transition towards a
stable LSV state, we need to define, based on our observations of the different properties of the
LSV, one or more characteristic quantities that can adequately measure the strength of the LSV
and fulfill the role the order parameter of the system in the equilibrium statistical mechanical
framework. We adhere to the convention that these characteristic quantities must be zero in the
absence of an LSV and non-zero when an LSV is present in the system, again in complete analogy
to the order parameter in statistical mechanics. We distinguish three different classes of such
characteristic quantities, based on the kinetic energy, vorticity or kinetic energy transport in the
flow. All characteristic quantities are implemented in the production code, providing access to the
full time series of these parameters for all runs in a light-weight fashion (avoiding a computationally
weightier and/or less information-rich approach of post-processing snapshots of the flow). We
investigate how adequately the different quantities are able to capture the transition from the
non-LSV to the LSV state.

3.2.1 Quantities based on kinetic energy

This class of characteristic quantities is based on the different contributions to the kinetic energy in
the system. Arguably the most basic quantity that one can come up with is based on the relative
magnitude of the horizontal and vertical kinetic energy. In isotropic 3D turbulence, equipartition
of kinetic energy among all three directions would result in a 2:1 ratio between horizontal and
vertical kinetic energy in 3D. Hence, a commonly used quantity is the ratio γ = Etot/(3E

V
3D)

between the total kinetic energy and 3 times the vertical kinetic energy [39, 61]. In order to
comply with our convention that the quantity must be zero in absence of an LSV, we use a
slightly modified parameter

Qhor = 3γ − 3 =
EH − 2EV3D

EV3D

=
〈u2 + v2 − 2w2〉

〈w2〉
, (3.6)
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where EH = E2D+EH3D = 〈u2+v2〉 is the total horizontal kinetic energy in the flow. Note that this
quantity is also directly related to the zz-component of the anisotropy tensor bzz = 1/3− (3γ)−1,
which has also been used as a diagnostic LSV quantity in earlier work [100].

Alternatively, we can look at the relative contribution of the 2D vertically-coherent flow in the
horizontal kinetic energy, allowing us to define the ratio

Q2D =
E2D

EH3D

=
〈u2 + v2〉
〈u′2 + v′2〉

. (3.7)

We can regard spatial pictures based on both of these quantities from the horizontal z-averaged
plane, shown in Figure 3.8, from which it is clear that both ratios capture the LSV well, although
the latter seems less prone to fluctuations in the region outside the LSV.

(a) (b)

Figure 3.8: The ratios (u2 + v2 − 2w2)/w2 (a) as well as (u2 +v2)/(u′2 + v′2) (b) in the horizontal
z-averaged plane, representative of Qhor and Q2D respectively, observed from a snapshot of the
LSV-forming case Ra = 107.

The contribution of the LSV to the horizontal kinetic energy can be narrowed down further by
considering only the largest mode K = 1 in the kinetic energy spectrum of the barotropic energy,
which the LSV has been shown to populate primarily (see Figure 3.5), defining the ratio

Q2D(K = 1) =
Ê2D(K = 1)

EH3D

=
Ê2D(K = 1)

〈u′2 + v′2〉
. (3.8)

This completes the set of characteristic quantities based on kinetic energy that we consider.
Note that in adopting these quantities, we are tacitly assuming that EH3D and EV3D are not affected
by the emergence of the LSV, which we motivated from Figure 3.4. These characteristic quantities
(Qhor,Q2D,Q2D(K = 1)) are defined as a ratio of ‘the strength of the LSV’ to ‘the strength of
the background turbulence’. We could, perhaps more intuitively, have defined these quantities
as the share of the LSV in the total flow (having the total combined effect of the LSV as well
as the background turbulence in the denominator) [27]. However, as it turns out, the relative
magnitude of the LSV can grow to more than 10 times that of the background turbulence and
such a definition would then largely deflate changes in the LSV magnitude in this high saturation
regime. In order to sensitively probe both the low LSV saturation as well as the high saturation
regime, we hence stick with the definitions as provided above.

The transition towards a Large-Scale Vortex in fluid turbulence 19



CHAPTER 3. PROPERTIES OF THE LARGE-SCALE VORTEX

As an example, Figure 3.9 shows how these three different quantities evolve throughout one
of the LSV-forming cases. The figure shows that the difference between the quantities is mainly
apparent in the early stages where the LSV has not yet developed, whereas when a stable LSV has
formed, the three quantities coincide remarkably well. This can be explained by the observation
that the 2D kinetic energy is entirely dominated by the LSV residing in the K = 1 mode of its
spectrum and by an apparent equipartition of kinetic energy between the vertical kinetic energy
and the 3D baroclinic horizontal kinetic energy in the LSV state. All three quantities are small
before the LSV has developed and attain a clear non-zero value in the LSV state, as we set out to
achieve.

Figure 3.9: Evolution of the characteristic quantities based on kinetic energy as defined in equations
(3.6)-(3.8) for the case Ra = 107.

3.2.2 Quantities based on vorticity

Rather than using the kinetic energy to identify the formation of an LSV, we can alternatively
resort to the vorticity. Similar to the z-invariance ratio as used by Guervilly et al. (2014) [39] and
analogous to equation (3.7), we can define

Qω,2D =
〈ω2
z〉

〈ω2
z − ω2

z〉
. (3.9)

Figure 3.8 shows a horizontal z-averaged spatial picture based on this quantity. Although
it captures the LSV adequately, it appears to pick out a somewhat smaller LSV region and
also includes some contributions of other vertically coherent vortex structures (disproportionally
anticyclonic, not shown) outside the LSV region.

Entirely analogous to what is done for the kinetic energy, we can also construct a spectrum of
the z-averaged axial vorticity ω̂z(K) and extract the K = 1 mode to define

Qω,2D(K = 1) =
〈ω̂2

z(K = 1)〉
〈ω2
z − ω2

z〉
. (3.10)

The evolution of these quantities for an LSV-forming case is shown in Figure 3.11. As can be
observed from the figure, the quantity Qω,2D(K = 1) based on the largest mode of the vorticity
spectrum gets much closer to zero in the early stages when the LSV has not yet developed,
compared to the quantity Qω,2D based on the total z-invariant vorticity. This is a consequence
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Figure 3.10: The ratio ω2
z/(ω

2
z − ω2

z) in the horizontal z-averaged plane, representative of Qω,2D,
observed from a snapshot of the LSV-forming case Ra = 107.

of the other smaller vertically coherent vortex structures that are present in the flow and reside
in modes other than the K = 1 mode. These contributions are included in Qω,2D, but not in
Qω,2D(K = 1), making the latter a more selective quantity for the LSV state.

Figure 3.11: Evolution of the characteristic quantities based on vorticity as defined in equations
(3.9)-(3.10) for the case Ra = 107.
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3.2.3 Quantities based on kinetic energy transport

It is also instructive to quantify the energy flux into the LSV. After all, it is the occurrence of the
inverse energy flux that is responsible for the creation of the LSV in the first place. In Benavides
and Alexakis (2017) and Favier et al. (2019) [12, 27], a dynamical equation is proposed for the
evolution of the kinetic energy in the 2D barotropic flow. In dimensional form, this equation
becomes

dE2D

dt
= ν〈u · ∇2u〉︸ ︷︷ ︸

D2D

−〈u · (u′ ·∇u′)〉︸ ︷︷ ︸
F2D

, (3.11)

where the first term is the dissipation D2D and the second term is the forcing F2D of the 2D flow.
We derive this equation in Appendix C.

Alternatively, one can quantify the energy flux into the box-size 2D barotropic mode specifically,
in which the LSV primarily resides. Following our approach in the calculation of the scale-to-scale
kinetic energy transport, equation (3.5), we distinguish baroclinic and barotropic energy transport
Tbc and Tbt into the barotropic K = 1 mode, giving

Tbc = −〈uK=1 · (u′ ·∇u′)〉, Tbt = −〈uK=1 · (u ·∇u)〉. (3.12)

Owing to the linearity of the Fourier transform, these quantities, as well as F2D, can be obtained
directly from the complete scale-to-scale transfer maps. Indeed, Tbc and Tbt can be found by
summing the bottom row K = 1 of their respective transfer maps over the donating scales Q,
while F2D follows from the sum over the entire baroclinic to barotropic transfer map, that is, over
all donating scales Q and receiving scales K, i.e.

Tbc =
∑
Q

Tbc(1, Q), Tbt =
∑
Q

Tbt(1, Q), F2D =
∑
K,Q

Tbc(K,Q). (3.13)

Note that once the LSV development has reached equilibrium, we expect that D2D +F2D = 0
when averaged over time. Hence, they will provide a similar insight into the flow, but their balance
poses a useful sanity check of our kinetic energy transport calculation.

Because the calculation of the kinetic energy transfer maps is computationally expensive, we
only switch on their calculation once an equilibrium state has been attained. We then compute the
transfer maps every 0.5 convective time units during a total period of around∼1000 convective time
units. Since we find that the kinetic energy transport statistics are highly fluctuating quantities,
this approach allows us to obtain statistically converged time-averaged transport maps, enabling
a detailed consideration of the scale-to-scale energetic transport in a more statistically sensitive
fashion, compared to the earlier approaches in the analysis of LSVs in RRBC that consider a
single or a few snapshots of the flow [2, 29]. For details on the calculation of the kinetic energy
transport quantities, the reader is referred to Appendix B.

Figure 3.12 shows the evolution of the different kinetic energy transport parameters for an LSV-
forming case. Note that the starting time is chosen in the equilibrium state, as mentioned. The
figure shows that these quantities are indeed prone to relatively large fluctuations, but a moving
mean of 50 convective time units provides a statistically well defined picture. Note furthermore
that there is a satisfactory balance between the total forcing and dissipation of the 2D flow
(F2D ≈ −D2D), reassuring us of the validity of our results as well as of the adequacy of the
equilibrium. A quantitative analysis reveals that the balance is exact down to < 2% when averaged
over the entire time period for the LSV states and < 5% for the non-LSV states (where the
magnitude of the 2D forcing is much smaller).
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Figure 3.12: Evolution of the kinetic energy transfer quantities as defined in equations (3.11)-(3.13)
in units of U3H−1 for the case Ra = 107. The light transparent lines denote the instantaneous
values, while for the opaque lines a moving average window of 50 convective time units is applied
to suppress the large fluctuations for readability.

The transition towards a Large-Scale Vortex in fluid turbulence 23



Chapter 4

The low-Ra transition

With the characteristic quantities in place, we can now use these to explore the phase transitions
in detail. To that extent, we vary Ra = [2.0 × 106 : 1.0 × 107], crossing the low-Ra boundary of
the domain of existence of the LSV (see Figure 1.3). In Figure 4.1, we present the values of the
different characteristic quantities as Ra is varied across the transition.

From the figure, a discontinuous jump can be observed in most of the characteristic quantities
between Ra = 5.6× 106 and Ra = 5.7× 106, signifying a sharp transition into the LSV state. As
anticipated considering the time series of a single LSV-forming case, the three different quantities
based on kinetic energy in Figure 4.1a all provide a qualitatively and quantitatively very similar
picture. All three quantities evidently show a sharp discontinuous jump at the transition, followed
by further growth of the LSV upon further increasing Ra. One can argue, though, that in
particular Q2D(K = 1) gets closest to zero in the non-LSV regime and can thus be coined the
most selective diagnostic quantity for the LSV state. For the vorticity statistics in Figure 4.1b,
especially Qω,2D(K = 1) appears to provide an adequate representation of the LSV transition, as
anticipated from Section 3.2.2.

Considering the kinetic energy transport statistics, the differences between the quantities are
arguably more distinctive. It appears that the forcing of the total 2D flow in Figure 4.1c shows
less of an impact of the LSV transition, compared to the quantities based directly on the influx
of kinetic energy into the K = 1 mode of the barotropic flow in Figure 4.1d. In fact, the total 2D
forcing remarkably remains continuous throughout the LSV transition, whereas the baroclinic and
barotropic forcing of the 2D K = 1 mode show a pronounced discontinuity. Note furthermore that,
at least in this regime of the LSV state, the baroclinic forcing dominates over the barotropic forcing,
suggesting that the former mechanism plays a central role in this particular phase transition. A
further analysis of the energetic transport throughout this transition is postponed to Section 4.3.

A sharp discontinuous transition into an inversely cascading LSV state has been observed
before in a different system of rotating Taylor-Green flow [3]. A sharp transition is however a
very remarkable finding in fluid turbulence and perhaps especially unexpected here, considering
the highly broadband buoyant forcing in this system. This obfuscates a clear separation of the
injection scale and the large and small scale dissipation, in contrast to the system described in ref.
[3], where the flow is forced sharply on a single wavenumber.

We also investigate possible hysteresis in this transition by running cases just below the LSV
transition that are initialized with a snapshot that contains an LSV, because a dependence on
initial conditions has been found before in LSV-forming systems [27, 100]. This reveals no presence
of hysteresis in this transition, since in all these runs, the LSV is gradually destroyed and the flow
enters a non-LSV state that does not depend on the initialization (not shown).

The error analysis of the characteristic quantities is detailed in Appendix D.
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(a) (b)

(c) (d)

Figure 4.1: The characteristic quantities for LSV formation based on kinetic energy (a), vorticity
(b) and energetic transport (c,d) for different values of Ra around the low-Ra LSV phase transition
at Ek = 10−4 and Pr = 1, averaged over time after an equilibrium state has been reached. The
red dashed-dotted line denotes the LSV transition.

4.1 Alternating jets

Closer inspection of Figure 4.1 shows that the characteristic quantities already tend to slightly
increase just before the actual transition happens. To analyze why this happens, we need to
inspect the flow field for these particular cases. A snapshot of the z-averaged horizontal flow field
for the case Ra = 5× 106 just below the LSV transition is shown in Figure 4.2. It is evident from
this snapshot that there is also a clear signature of a large scale structure in the 2D flow in this
case. This flow, characterized by large scale jets in opposite directions, here particularly evident
from the y-component of velocity, aligned along the y-direction, is reminiscent of the jets that are
observed in anisotropic, rectangular domains as described in Guervilly and Hughes (2017) and
Julien et al. (2018) [38, 47]. Unlike what is found in these anisotropic domains, we find in our
square domain a more intricate type of flow where the jets will switch back and forth between
being predominantly in the x-direction and being predominantly in the y-direction. We will hence
refer to this flow state as alternating jets.
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(a) (b)

Figure 4.2: Snapshot of the z-averaged horizontal flow field for the case Ra = 5× 106 just below
the LSV transition. The x-component of the velocity is shown in (a) and the y-component of the
velocity is shown in (b).

A point should be made, however, on the similarity of the (alternating) jets flow and the LSV.
Figure 4.3 shows a snapshot of the barotropic flow field of an LSV-forming case with Ra = 7×106.
Judging from this 2D flow field alone, the LSV state can be interpreted as resemblant of a jets
flow that has stably developed in both horizontal directions simultaneously. Indeed, refs. [38, 47]
already identified that the jets flow in anisotropic domains and the LSV in square domains arise
from the same underlying mechanism of an inverse energy flux and accumulation of energy at the
largest scale. Hence, we hypothesize that this alternating jets flow can in fact be regarded as an
underdeveloped early manifestation of the transition before the flow can stably develop into the
LSV state, rather than as an entirely separate flow regime.

Guervilly and Hughes (2017) [38] introduced a parameter, termed the anisotropy parameter,
that quantifies the extent to which the flow is in the jets state, instead of in an isotropic state or
LSV state, given by

αRMS =
〈u2〉 − 〈v2〉
〈u2〉+ 〈v2〉

. (4.1)

This parameter is based on the full domain averaged root mean squared (RMS) velocities. This
definition worked well for the cases in ref. [38] where the jets flow is unidirectional and has
therefore developed to large magnitudes, compared to the background turbulence. In our case, on
the other hand, the alternating jets are much less developed and we thus need a more sensitive
parameter to make the anisotropy stand out from the background turbulence. As the jets are
vertically coherent structures, we can hence focus our definition on the 2D flow, averaging out
vertically incoherent turbulent contributions. We propose two alternative definitions

α2D,RMS =
〈u2〉 − 〈v2〉
〈u2〉+ 〈v2〉

, α2D,|| =
[[u]2x]y − [[v]2y]x

[[u]2x]y + [[v]2y]x
, (4.2)

where [...]x is used to denote averaging in the x-direction. The choice for the latter parameter
definition is motivated by the observation that in the (alternating) jets flow, the velocity is mainly
coherent in its respective flow direction.

Figure 4.4 shows the equilibrium values for the anisotropy parameters for varying Ra. It shows
that indeed the cases with 5.0×106 < Ra < 5.6×106, just below the LSV transition, stand out in
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(a) (b)

Figure 4.3: Snapshot of the z-averaged horizontal flow field for the case Ra = 7× 106 just above
the LSV transition. Analogous to Figure 4.2, (a) and (b) show the x- and y-component of the
velocity respectively.

terms of the anisotropy based on the 2D flow, corresponding to the cases showing the alternating
jets type of flow. Moreover, as can be appreciated from Figure 4.5, also in early stages of the stable
LSV-forming cases, a state of alternating jets is adopted, before developing into the LSV state as
can be observed from the anisotropy parameters as well as from snapshots (not shown) of the flow
field. This motivates our earlier suggestion that the alternating jets are an underdeveloped state
that is observed just before developing stably into the LSV state.

Figure 4.4: The anisotropy parameters as a function of Ra, averaged over time after an equilibrium
state has been reached. The red area denotes the cases that show the alternating jets in the
equilibrium state. The red dashed-dotted line indicates the LSV transition.
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(a) (b)

Figure 4.5: The anisotropy parameters (a) and characteristic LSV quantities (b) for the case
Ra = 8×106. The initial stage before LSV development marked by the red area shows alternating
jets type of behavior, characterized by relatively high anisotropy parameters. A moving average
window of 60 convective time units is applied in (a) to suppress large fluctuations for readability.

4.2 Nucleation and growth

To further explore the exact nature of the phase transition into the LSV state, we direct our
attention to the time series of the development of the LSV close to the transition. Figure 4.6
shows the evolution of the characteristic quantities based on kinetic energy of one of the LSV-
forming cases just above the transition. It is evident from the figure that the LSV does not grow
monotonically from the start of the simulation, but shows a clear plateau during which the LSV has
not yet or hardly developed, before the flow finally grows into the LSV state. This intermediate
plateau during the development of the LSV appears to be a common feature among the cases
close to the transition. The emergence of this plateau suggests the existence of a metastable
non-LSV state that is occupied before the LSV growth commences. This intermediate state
shows characteristics of the alternating jets flow (see Section 4.1). In a statistical mechanics
interpretation, this type of dynamics hints at the presence of a “free energy” barrier, or perhaps
here more appropriately a barrier of decreased flow stability or configurational likelihood (the
barrier representing a relatively unlikely/unfavorable configuration), that separates the metastable
plateau state from the LSV state. This barrier needs to be crossed in order to enter the LSV state,
entirely akin to the nucleation and growth type of dynamics that is observed in many other physical
systems, such as, arguably most well-known, the freezing of liquid water into ice [62].

In order to substantiate this hypothesis, we simulate an ensemble of 100 runs of the case with
Ra = 6×106 that is just above the LSV transition, employing a reduced resolution of 128×128×72
to keep this numerically tractable. A few runs from this ensemble are provided in Figure 4.7a,
showing that there is a large spread in the amount of time that is spent in this intermediate
plateau state. In a statistical mechanical framework, if there is a free energy barrier between the
underdeveloped state and the final LSV state, the crossing of this barrier is expected to happen
purely as a consequence of the statistical fluctuations in the system, in such manner that the
waiting time spent in the plateau state before entering the growth phase follows an exponential
distribution, in complete analogy to classical nucleation theory [10, 97, 101]. We will therefore
direct our attention to the distribution of waiting times that we obtain in our ensemble and
compare this against an exponential distribution. Similar approaches have been used in different
contexts to show a nucleation and growth process in for example viral self-assembly dynamics, gas
hydrate formation or bubble nucleation in superheated liquids [35, 63, 98].
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Figure 4.6: The evolution of characteristic quantities based on kinetic energy of the LSV-forming
case with Ra = 6× 106 just above the transition.

The probability density function PDF(tW ) and cumulative distribution function CDF(tW ) of
the exponential distribution of the waiting time tW that is spent in the underdeveloped plateau
state are given by

PDF(tW ) =
1

τW
exp(−tW /τW ), CDF(tW ) = 1− exp(−tW /τW ), (4.3)

where we identify τW as the typical waiting time. In this context, we can interpret the CDF(tW )
as the total probability that the LSV has been ‘nucleated’ as a waiting time tW has passed.

In order to extract the waiting times from our ensemble of runs, we first need to define exactly
how to determine when the flow has entered the LSV state. To that extent, we define a threshold
for the horizontal kinetic energy, that must be sustained for 2000 convective time units, before the
flow is said to have stably entered the LSV state. This threshold is chosen such that the horizontal
kinetic energy in the LSV state (which is a particularly consistent value across all different runs)
minus the largest observed statistical deviation from the mean is always above this threshold value.
For our specific choice of parameters, we define this threshold at E∗ = 0.0133U2 (see Figure 4.7a).
It should be noted, however, that this choice is somewhat arbitrary, although slight changes to this
threshold yield no significantly different results. Once this condition has been met, the simulation
is terminated. We will refer to this time point as tLSV, which is thus the total time until the LSV
is assumed to be fully developed.

To determine the waiting time that the flow spends in the underdeveloped state (stage II in
Figure 4.7a), we then need to subtract a certain t0, representing the time that the flow spends in
the initialization phase and in the growth phase as well as in the 2000 convective units that are
spent in the developed LSV state (stages I, III and IV in Figure 4.7a, respectively). We tacitly
assume that this t0 is similar for all the runs in the ensemble, such that it plainly describes a
translation of the distribution along the time axis. We can then determine t0 through a fit of the
empirical distribution function. The maximum likelihood estimate for the typical waiting time
τW is simply the sample mean µ(tW ) = µ(tLSV) − t0. We can hence fit the empirical cumulative
distribution of tLSV that we find with

CDF (tLSV) = 1− exp

(
− tLSV − t0
µ(tLSV)− t0︸ ︷︷ ︸

τW

)
, (4.4)

to obtain t0 = (3.71± 0.06)× 103U−1H for our case, see Figure 4.7b.
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Figure 4.7: Panel (a): time evolution of horizontal kinetic energy of seven of the runs in the
ensemble of the LSV-forming case Ra = 6×106 close to the transition. We distinguish four stages:
an initialization phase (I), a metastable underdeveloped plateau state showing alternating jets (II),
(quick) growth of the LSV (III) and the stably developed LSV state (IV). The horizontal dashed
line denotes the threshold to be crossed and sustained for 2000 convective time units (U−1H)
before the LSV is said to be completely developed, which defines the time point tLSV, depicted by
the blue cross. Panel (b): cumulative distribution of tLSV of the ensemble (blue solid line) with
95% confidence bounds (blue dotted lines). It is fitted by an exponential distribution (red dashed
line) as provided by equation (4.4). The marked gray area corresponds with the definition of t0.
The inset shows the histogram corresponding to the same distribution.

The resulting cumulative distribution function and histogram are provided in Figure 4.7b.
The maximum likelihood estimate for τW is found to be µ(tW ) = (5.3 ± 0.6) × 103U−1H.
As is clear from the figure, there is excellent agreement between the hypothesized exponential
distribution and the empirical distribution that we find. Indeed, the maximum likelihood estimate
for the theoretical cumulative exponential distribution (red dashed line) lies everywhere in between
the 95% confidence bounds of the obtained empirical distribution (blue dotted lines). More
quantitatively, we can apply statistical testing to the distribution and find that a Lilliefors test [57]
does not reject exponentiality of the data at p-value > 0.5, whereas a Shapiro-Wilk test [84] does
reject normality of the data at p-value = 4 × 10−8, supporting the hypothesis that our obtained
distribution of waiting times is indeed exponential. It turns out that clues for a similar exponential
distribution of waiting times can also be observed in the LSV transition in a system of artificially
forced thin layer turbulence [92].

The exponentiality of waiting times that we observe clearly suggests that the process of LSV
formation just above the transition indeed happens by crossing a single well-defined “free energy”
barrier, as we hypothesized, following nucleation and growth type of dynamics. These findings are
in good agreement with our earlier observation that the low-Ra LSV transition is discontinuous
and it completes the view on the shape of the free energy landscape during this transition when
regarding this in a statistical mechanical context. The assertion that the transition is discontinuous
requires that the two free energy minima that are associated with both states do not coincide
throughout the transition. Now, we have shown that the free energy barrier that separates both
states close to the transition is small enough so that it can be crossed as a consequence of the
statistical fluctuations in the system, which is also in line with the observation that there is no
hysteresis in this transition. The abstracted free energy landscape that this gives rise to is sketched
in Figure 4.8. We thus conclude that this transition is subcritical and is consistent with what is
known in equilibrium statistical mechanics as a first-order phase transition.

30 The transition towards a Large-Scale Vortex in fluid turbulence



CHAPTER 4. THE LOW-RA TRANSITION

“F
re

e 
en

er
gy

”

LSV order parameter

Increasing Ra

C
on

fig
ur

at
io

na
l l

ik
el

ih
oo

d

Figure 4.8: Sketch of the abstracted “free energy” or configurational likelihood landscape
throughout the low-Ra LSV transition. The free energy at the transition is denoted by the red
line.

4.3 Kinetic energy transport

Results for the kinetic energy transport maps averaged over time throughout equilibrium are
provided in Figure 4.9, showing a non-LSV state, an alternating jets state and an LSV state.
While no significant upscale transport into the largest modes is observed in the baroclinic forcing
for the non-LSV state in (a), the alternating jets state in (b) already shows some energetic forcing
of the barotropic K = 1 mode that is qualitatively not very different from the LSV state in
(c), albeit with a much smaller magnitude. We furthermore observe a clear persistent region of
positive baroclinic forcing of the 2D flow from intermediate length scales around Q = 10 in all
cases. This coincides well with the scales at which the buoyant forcing is most predominant, see
Figure 3.6. At the LSV transition, between (b) and (c), we see that the bottom K = 1 row becomes
more populated while the forcing of intermediate barotropic scales decreases. Connecting this to
our earlier observation from Figure 4.1 that the total 2D forcing of the baroclinic flow remains
continuous throughout the LSV transition while the K = 1 mode forcing does not, we can infer
that, at this LSV transition, baroclinic forcing of the barotropic flow is only redistributed: away
from intermediate scales towards the K = 1 mode, leaving the total 2D forcing unaffected.

The barotropic self-interaction shows a similar picture. It shows how in the LSV state in (f),
part of the aforementioned baroclinic to barotropic forcing at intermediate scales is transported
from the intermediate barotropic scales into the K = 1 mode, indicating how both mechanisms of
forcing cooperate to transport kinetic energy into the 2D K = 1 mode in the LSV state, consistent
with earlier findings [2, 81]. We note that in the non-LSV state in (d), there is already some minor
barotropic upscale transport at intermediate scales adjacent to the forward cascade, which is also
in agreement with what is found in ref. [2], while we observe that, again, in the alternating jets
state in (e), some population of the bottom K = 1 row emerges.

The forcing kinetics of the LSV throughout the transition can also be appreciated more
quantitatively from plots (g) and (h). Judging from the relative magnitude of both forcing
mechanisms (note the different scale in (g) and (h) here) as well as the extent of the discontinuity
at the transition, this supports our earlier assertion that the baroclinic forcing indeed plays the
central role in this LSV transition.
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(g) (h)

Figure 4.9: Kinetic energy transport maps for baroclinic to barotropic transport (a-c) and
barotropic to barotropic transport (d-f) in units of U3H−1 for a non-LSV state Ra = 4 × 106

(a,d), an alternating jets state Ra = 5.6 × 106 (b,e) and an LSV state Ra = 5.7 × 106 (c,f)
just above the LSV transition. Plots (g) and (h) show respectively the baroclinic and barotropic
transport into K = 1 as a function of the donating scale Q, i.e. the bottom row of the transfer
maps, where the color scale indicates Ra. The green and red line correspond with the cases just
below (Ra = 5.6× 106) and just above (Ra = 5.7× 106) the LSV transition, respectively.
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Intermezzo: A Langevin model

In Chapter 4, our findings have motivated arguments for the qualitative shape of the landscape
of “free energy” or configurational likelihood that describes the transition towards the LSV state,
leading to the sketch that is depicted in Figure 4.8. It turns out that this argumentation can be
made quantitative by following the approach that is proposed in van Kan et al. (2019) [92]. The
trajectory of our system through state space is then described as an intertialess particle moving
in a 1D potential V (Q) as a function of our order parameter or characteristic quantity Q. This
potential can be compared with our notion of the “free energy” landscape. Other than the force
of the potential, the system is furthermore subject to white noise, representing the turbulent
fluctuations, so that it can be captured by a Langevin equation [34]

∆Q = −dV (Q)

dQ
∆t+

√
2B(Q)∆W (t), (4.5)

describing the evolution of Q after a time step ∆t. Here B(Q) characterizes the Q-dependent
diffusion coefficient and ∆W (t) is the Gaussian white noise with zero mean 〈∆W (t)〉 = 0 and
delta-correlated in time 〈∆W (t)∆W (t′)〉 = ∆tδt,t′ .

1

Numerical procedure

By comparing this model to the obtained DNS time series in the ensemble of Ra = 6 × 106,
we can extract estimates for V (Q) and B(Q). The main principle behind this approach is that
we consider all changes ∆Q conditional on Q and relate its mean to the first term in equation
(4.5), while its variance is provided by 2B(Q)∆t. To formalize this procedure, we need to cast
the Langevin equation into a Fokker-Planck type of equation for the probability distribution
p(Q, t|Q′, t′) describing the probability of an evolution from Q(t′) = Q′ at time t′ to Q(t) = Q at
time t, given by [33, 34, 79]

∂p(Q, t|Q′, t′)
∂t

= − ∂

∂Q
[A(Q)p(Q, t|Q′, t′)] +

∂2

∂2Q
[B(Q)p(Q, t|Q′, t′)] , (4.6)

where we abbreviated A(Q) ≡ −dV (Q)/dQ. Applying Euler forward for a small timestep ∆t, we
find to first order in ∆t

p(Q, t′ + ∆t|Q′, t′)− δ(Q−Q′) = − ∂

∂Q
[A(Q)δ(Q−Q′)] ∆t+

∂2

∂2Q
[B(Q)δ(Q−Q′)] ∆t (4.7)

where we used that p(Q, t′|Q′, t′) = δ(Q−Q′) with δ(.) the Dirac-delta function.
Following ref. [92], we multiply (4.7) by (Q−Q′) or (Q−Q′)2 and integrate over Q to find∫

dQ(Q−Q′)p(Q, t′ + ∆t|Q′, t′) = A(Q′)∆t, (4.8a)∫
dQ(Q−Q′)2p(Q, t′ + ∆t|Q′, t′) = 2B(Q′)∆t, (4.8b)

where we used partial integration to rewrite the right-hand sides.

1Mind the collision of definitions: the angular brackets 〈...〉 are implicitly used here to represent the average
over the generating Gaussian distribution, rather than a spatial domain average as in the other chapters.
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On the left-hand sides, we then recognize the expressions for the expectation value (mean) of
Q(t + ∆t) − Q(t) and (Q(t + ∆t) − Q(t))2, respectively, over all times t for which Q(t) = Q′.
These can be obtained directly for all Q′ from the DNS time series of the ensemble. In practice,
this requires that we bin Q′ into discrete levels and calculate these mean values for each level.
Furthermore, we need to choose a suitably small ∆t. Using equations (4.8), one can then obtain
the estimates for A(Q) and B(Q). The potential V (Q) finally follows from integrating −A(Q).

For the order parameter Q, we choose to use the kinetic energy in the largest barotropic mode
Q ≡ Ê2D(K = 1). We use this one, rather than its related characteristic quantity Q2D(K = 1),
because time series of the latter also include effects of fluctuations in the denominator, the 3D
effects, which is consequently found to result in a worse agreement with the assumptions of this
Langevin model (see also Figure 4.11). We bin Q into 500 discrete levels for the evaluation of
A(Q) and B(Q) and choose a timestep of ∆t = 3U−1H, which is on the one hand sufficiently
small compared to the typical time scales at which the LSV evolves and on the other hand large
enough such that the turbulent fluctuations become sufficiently decorrelated.

Finally, we note that the set-up of our ensemble has introduced a slight bias which we can
correct for. By definition, our runs start with no kinetic energy in the LSV and terminate when a
certain threshold energy is achieved, see Section 4.2. As a consequence, the mean ofQ(t+∆t)−Q(t)
has an artificial bias towards positive values. To compensate for this bias, we subtract from A(Q) a
certain correction δA, amounting to the value of the order parameter in the stable final LSV state
divided by the typical simulation time µ(tLSV) (see Section 4.2), giving δA ≈ 1.3× 10−6U3H−1.

Results and validation

With the procedure in place, we can compute the profiles of V (Q) and B(Q) for the ensemble
with Ra = 6× 106. These results are provided in Figure 4.10. It is clear that the obtained profile
of the potential V (Q) holds the qualitative features that we anticipated in Figure 4.8 for the “free
energy” landscape (the case Ra = 6 × 106 would be depicted there by the profile immediately
below the transitional red profile). The non-LSV state and LSV state are two distinct local
minima, separated by an energetic barrier, where the latter is the global minimum and hence the
final equilibrium state. We find that the diffusion coefficient B(Q) is a positive function of the
order parameter, in agreement with the observations in ref. [92]. We can understand this as the
fluctuations being smaller in absolute sense when the LSV is also smaller and vice-versa.

(a) (b)

Figure 4.10: The potential V (Q) (a) and diffusion coefficient B(Q) (b) from the Langevin model,
equation (4.5), of the ensemble of the case Ra = 6 × 106, using Q ≡ Ê2D(K = 1) as the order
parameter. The potential in this model can be compared with the “free energy” or configurational
likelihood landscape depicted in Figure 4.8.

34 The transition towards a Large-Scale Vortex in fluid turbulence



INTERMEZZO: A LANGEVIN MODEL

To validate the applicability of our Langevin model, we first check the assumption of Gaussianity
of the fluctuations of the order parameter, following ref. [92]. In Figure 4.11, a distribution of
the difference Q−Q′ over a time increment ∆t is compared against a Gaussian distribution with
the same mean and standard deviation. It is clear that this distribution coincides very well with
a Gaussian, although some small deviations from Gaussianity can be observed in the tails of the
distribution.

(a) (b)

Figure 4.11: Distribution of the difference Q −Q′ over a time increment ∆t = 3U−1H for Q′ =
0.004U2, shown through its probability density function (a) and through a quantile-quantile plot
(b). The red dashed line denotes a Gaussian distribution with the same mean and standard
deviation. The number of binned levels of the order parameter are reduced to 40 to obtain
sufficiently converged statistics.

As a more thorough evaluation of the applicability of this Langevin model, we extend our
analysis with Monte Carlo simulations of equation (4.5). We use the obtained profiles of V (Q) and
B(Q) (Figure 4.10) as inputs and employ the same ∆t = 3U−1H. To enable a direct comparison
with the DNS results, we simulate 100 Monte Carlo runs QMC(t) and perform an analysis of this
ensemble that is entirely verbatim to what is laid out for the DNS results in Section 4.2. The
results of these Monte Carlo simulations are provided in Figure 4.12. This shows how the Langevin
model recovers all the hallmarks in the LSV formation dynamics that we have observed in the
full DNS: the time series exhibit the same sudden growth behavior from an intermediate plateau
state (which we now understand as the left local minimum in Figure 4.10a) and we again find
an exponential distribution of the waiting times spent in the plateau state. Nonetheless, we do
find quantitative differences between the Monte Carlo simulations of the Langevin model and the
DNS results, for example in the typical waiting time, estimated from the Monte Carlo simulations
as µ(tMC

W ) = (8.4 ± 0.7) × 103U−1H (while µ(tW ) = (5.3 ± 0.6) × 103U−1H for the full DNS).
Such quantitative differences are however to be expected, considering the severe simplifications
that are made when reducing the complete dynamical system to our Langevin model, such as
the assumption that the state of the system is captured by a single scalar parameter Q and the
delta-correlatedness of the turbulent fluctuations.

In this Intermezzo, we have modeled the LSV formation by a Langevin equation, for which the
potential and diffusion coefficient can be extracted from DNS results. The resulting double-well
potential is arguably the simplest description of a first-order phase transition and in spite of the
drastic simplifications made by reducing the full dynamical system to this 1D Langevin model, its
widespread qualitative correspondence with the results in Section 4.2 substantiates our notion of
the “free energy” or configurational likelihood landscape in the transition towards the LSV.
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(a) (b)

Figure 4.12: Examples of time series (a) of Monte Carlo simulations of the Langevin model,
equation (4.5), along with the cumulative distribution of obtained LSV times (b), following the
analysis of the full DNS results in Section 4.2. Again, the black dashed line in (a) denotes the
threshold that needs to be crossed and sustained for 2000 convective time units and the red dashed
line in (b) represents a fit of an exponential distribution. Compare with Figure 4.7 for the full
DNS.
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Chapter 5

The high-Ra transition

In order to analyze the high-Ra LSV transition, we vary Ra = [2.0× 107 : 4.0× 107], crossing the
high-Ra domain boundary of the LSV. Favier et al. (2019) [27] have shown a bistability for a case
in this parameter range of an LSV state and a non-LSV state, depending on the initial conditions.
We hence anticipate the possibility of a hysteresis loop in this transition, where the equilibrium
state (LSV or non-LSV) depends on the ‘history’ of the flow. Therefore, we separately consider a
series of runs where the simulations are initialized by a snapshot of the flow in the LSV state from a
smaller Ra and a series of runs that is freshly initialized from a state of no flow. The former is then
representative of the upper branch of the hysteresis loop, that is followed for increasing Ra from
an LSV state, while the latter is representative of the lower hysteresis branch, corresponding with
decreasing Ra from a non-LSV state. The results for our different characteristic LSV quantities
are provided in Figure 5.1.

Our results clearly confirm the presence of a hysteresis loop in this LSV transition. Therefore,
there are two transitional values of Ra: one where the non-LSV state transitions into the LSV
state upon decreasing Ra, shown in Figure 5.1 by the magenta line and one where the LSV state
transition into the non-LSV state upon increasing Ra, shown by the red line. We find that both
of these transitions are discontinuous. Although the magnitude already decreases significantly
as the latter transition is approached, we infer from our results that there is still an, albeit
smaller, discontinuity sharply at the transition, which is particularly evident from the kinetic
energy transport profiles (see Section 5.1).

While subcritical hysteretic transitions are rare in fluid turbulence, Yokoyama and Takaoka
(2017) [100] have proven a similar finding in artificially forced rotating turbulence. A point
should be made, however, about the slight ambiguity in the exact definition of hysteresis in
any fluctuating system like the one at hand. In theory, fluctuations may always, through some
statistical coincidence, spontaneously excite an LSV state (or destroy the LSV state), thereby
hopping from one branch to the other, and the question is rather whether this happens on any
reasonable time scale. In particular, this may affect the precise location of the transitions, though
we believe to have simulated sufficiently long time scales to conclude that a hysteresis loop is
indeed present in this transition for any practical time scale. In the runs closest to the transition,
we have simulated for ∼2.5 viscous time units, which is the largest time scale in the system.

We note from Figure 5.1 that both the total 2D forcing as well as the forcing of the barotropic
K = 1 mode decrease as Ra is increased and the LSV transition is approached. This is a result
of the flow becoming less rotationally constrained (increasing Ro), thereby departing from the
quasi-2D conditions and consequently decreasing the inverse energy flux. Unlike what we found
at the low-Ra transition, here not only the forcing of the barotropic K = 1 mode, but also the
total 3D tot 2D forcing show a discontinuity at the LSV transition.
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(a) (b)

(c) (d)

Figure 5.1: The characteristic quantities for LSV formation based on kinetic energy (a), vorticity
(b) and energetic transport (c,d) for different values of Ra around the high-Ra LSV phase transition
at Ek = 10−4 and Pr = 1, averaged over time after an equilibrium state has been reached. Filled
squares denote the upper hysteretic branch that is followed for increasing Ra from an LSV state,
while open diamonds denote the lower hysteretic branch that is followed for decreasing Ra from a
non-LSV state. The red dashed-dotted line denotes the LSV transition of the upper branch, while
the magenta line denotes the LSV transition of the lower branch.

Consulting the framework of equilibrium statistical mechanics, we conjecture that also in this
transition, a “free energy” barrier emerges, separating the LSV and the non-LSV state. Indeed,
for the cases just below the hysteresis loop, we find that the time series of the growth of the LSV
(not shown) is much akin to what we found near the low-Ra transition, where the flow adheres to
a metastable non-LSV state, before suddenly growing into an LSV state. Contrary to the low-Ra
LSV transition, however, throughout the parameter range in which the hysteresis loop is observed
in this transition, the barrier becomes insurmountable within any reasonable time scale.

We can argue that also in Favier et al. (2019) [27], signs of existence of this “free energy”
barrier are found. They show how for the bistable cases, depending on whether the amplitude of
their artificial vortex in the initial conditions is above or below a certain critical value, the flow
goes to either the LSV state or the non-LSV state. We can understand this critical amplitude of
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the initial vortex as the location of the barrier in our statistical-mechanical interpretation.
The free energy landscape for the high-Ra transition that we abstract from our observations,

shown in Figure 5.2, is thus very similar to the low-Ra LSV transition, except that the barrier is
now insurmountable, leading to two transitional values of Ra. We hence conclude that the high-Ra
transition is also subcritical and can be regarded as a first-order phase transition with hysteresis.
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Figure 5.2: Sketch of the abstracted “free energy” or configurational likelihood landscape
throughout the high-Ra LSV transition. The magenta profile denotes the transition where the
barrier becomes insurmountable from the non-LSV state (start of hysteresis loop) and the red
profile indicates the transition where the barrier becomes surmountable from the LSV state (end
of the hysteresis loop), in correspondence with the magenta and red lines in Figure 5.1

.

5.1 Kinetic energy transport

The time-averaged results for the kinetic energy transport are laid out in Figure 5.3 for the upper
hysteretic branch, displaying two LSV states, one of which is somewhat further into the LSV
regime (a,d) and the other is just below the transition (b,e), as well as a non-LSV state directly
above the transition (c,f). The results for the energetic forcing that we find in the neighborhood of
this transition show much qualitative similarity to what we found for the cases close to the low-Ra
transition (Figure 4.9) for both the LSV cases as well as the non-LSV cases. Here, however, we
find no alternating jets type of flow regime. This aligns with the findings in Guervilly et al. (2017)
[38] for the regular jets flow in anisotropic domains, where it is shown that the jets type of flow
already decays at somewhat lower Ro, compared to the LSV flow.

Judging from plots (g) and (h), we can observe the significant discontinuity at the phase
transition. The red profile, representing the energetic forcing of the barotropic K = 1 mode just
below the transition, and the green profile, denoting the forcing directly above the transition, have
a difference in Ra of <1%, whereas the jump in the profile is the largest of all consecutive runs
that are considered.

We note that just below the transition, some negative forcing emerges of baroclinic modes to
the barotropic K = 1 mode at intermediate length scales (blue squares in the bottom row in (b)
around Q ≈ 10), as can also be appreciated from (g). We argue that this is a manifestation of the
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flux loop dynamics that is inherent to the rotating condensate regime [4, 8, 82]. This entails that
some of the kinetic energy that is transported upscale into the barotropic K = 1 mode is partially
transported back in a downscale forward cascade in the anticyclonic regions of the flow, due to local
violation of the quasi-2D conditions. Since our results show the net energetic transport, holding
both negative and positive contributions, this plainly shows that as the rotational constraint of
the flow reduces as the transition is approached, upscale transport reduces and a certain region of
intermediate baroclinic length scales emerges where the outflow from the barotropic K = 1 mode
exceeds the baroclinic forcing.

To understand the physical mechanism behind the hysteretic behavior, we can resort to the
results of Rubio et al. (2014) [81]. They show that the presence of the LSV itself enhances the
energetic transport into the barotropic K = 1 mode. This positive feedback loop can explain
the observed hysteresis here and arguably also the nucleation and growth mechanism near the
low-Ra transition. We can also argue how such a positive feedback loop, for which clues are also
found in Favier et al. (2019) [27], may intuitively arise, by again considering the local effect of the
LSV on the total vorticity. Contrary to the anticyclonic regions, the LSV namely increases the
total vorticity (background rotation + flow vorticity) in the dominant cyclonic region. Here, the
presence of the LSV itself thus locally strengthens the quasi-2D conditions of the flow, supporting
the upscale transport, such that the LSV can survive up to higher Ra in the upper hysteretic
branch, compared to the lower hysteretic branch where no LSV exists.
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 5.3: Kinetic energy transport maps for baroclinic to barotropic transport (a-c) and
barotropic to barotropic transport (d-f) in units of U3H−1 in the upper hysteretic branch for
an LSV state with Ra = 2.0× 107 (a,d), an LSV state with Ra = 3.10× 107 (b,e) just below the
transition and a non-LSV state with Ra = 3.13 × 106 (c,f) just above the transition. Plots (g)
and (h) show respectively the baroclinic and barotropic transport into K = 1 as a function of the
donating scale Q, i.e. the bottom row of the transfer maps, where the color scale indicates Ra.
The red and green line correspond with the cases just below (Ra = 3.10 × 107) and just above
(Ra = 3.13× 107) the LSV transition, respectively.
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Influence of aspect ratio and Pr

Many of the rotating convective geophysical and astrophysical flows are typical for occurring at
very large (horizontal) scales. In order to extrapolate our findings to these relevant very large
scales, we need to investigate the influence of the aspect ratio Γ = D/H of the domain. This is
treated in Section 6.1. These geophysical and astrophysical flows furthermore cover a multitude
of different Pr. While recent work has addressed LSV formation at various moderate and high
Pr [61], the formation of vortex condensates in low Pr fluids, being relevant to, for example, the
liquid metal in the Earth’s core and other planets [6, 80], remains largely underexplored [2], due
to its inherently high computational demands. Section 6.2 provides a brief outlook on how the
LSV transition changes for these low Pr fluids.

6.1 Varying the aspect ratio

In non-LSV forming systems, the aspect ratio generally does not play a major role, as long as it is
chosen to be sufficiently large (typically Γ ≈ 10L̃c as we used here) such that the flow is not affected
by finite size effects. We thus expect the baroclinic 3D flow to remain largely uninfluenced by
variations in the aspect ratio. However, one can not simply extend this argument to the barotropic
flow in which the LSV resides, because the dominant flow structure here, the LSV, is of the size of
the domain width. Indeed, it has been shown in Maffei et al. (2021) [61] that the kinetic energy
density in the barotropic flow scales as ∼ Γ2, while the energy density in the baroclinic flow is
independent of Γ.

This is confirmed from our DNS, as shown in Figure 6.1a: the (largest mode of) E2D scales as
∼ Γ2, while the horizontal and vertical components of E3D can be observed to be independent of Γ.
This can also be understood from Figure 6.1b, showing that the energy spectra of the simulations
at different Γ line up well at virtually all scales, except for the largest ones in which the LSV
resides, where the LSV can be observed to grow to higher strengths as the domain size increases
(note in particular the first (K = 1) mode of the spectra, keeping in mind the very large dynamic
range of the ordinate of this plot). The ∼ Γ2 scaling can be understood from the balance between
the inverse energy flux and dissipation from the LSV, as will be covered in Section 6.1.2.

Not only do the LSVs become stronger as the aspect ratio is increased, earlier works have also
found clues that larger domain sizes may widen the domain of existence of the LSV [27, 39]. It
is therefore interesting to explore how the LSV transition shifts and how the discontinuity in the
transition changes upon varying the aspect ratio. This is explored in Section 6.1.2. For reasons
of numerical feasibility, we thereby limit ourselves to the study of the low-Ra transition and vary
the aspect ratio Γ between 1.6 and 3.2. For the resolutions, we scale the number of grid points
in either horizontal direction with Γ, maintaining everywhere the same grid spacing that we used
earlier (see also Table 2.1). To investigate the aspect ratio dependence of the LSV transition,
however, we first need to discuss a phenomenon that we observe close to the transition at lower
aspect ratios, which we will refer to as bimodal behavior, covered in Section 6.1.1.
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(a) (b)

Figure 6.1: Kinetic energy properties of the LSV for varying aspect ratio Γ for the case Ra = 7×106.
Panel (a): the different components of kinetic energy as function of Γ. Panel (b): total kinetic
energy spectra for different aspect ratios, where the wavenumber is rescaled by Γ.

6.1.1 Bimodal behavior

For the smallest two aspect ratios Γ = 1.6 and Γ = 1.9, we observe that in the cases near the
LSV transition, anomalously large (and long-lived) fluctuations of the characteristic quantities are
encountered. An example of the time series of such a case is provided in Figure 6.2a. Note the
contrast of this case with e.g. the case in Figure 3.9.

Upon closer inspection of these cases, we note that these large and long-lived fluctuations are a
result of the LSV becoming intermittent. At certain points, the LSV may be formed and sustained
for some time interval (see Figure 6.2b), only then to be destroyed again (see Figure 6.2c) and
the process starts all over, continuously hopping back and forth between the LSV state and non-
LSV state. We argue that this signifies the presence of bimodal behavior as has been observed in
the LSV transition in a flow system of artificially forced rotating turbulence [82] and in pure 2D
turbulence [69], where the system indeed alternates between two well-defined distinct flow states.

To understand this phenomenon, we can again interpret it from the viewpoint of statistical
mechanics. One can regard the barrier that separates the non-LSV and LSV states (see Figure 4.8)
as becoming smaller with decreasing Γ, such that in these bimodal runs, the barrier becomes easily
surmountable from either side (from the non-LSV state into the LSV state and vice versa) within
realizable time scales, allowing the flow system to hop back and forth between both states.

In order to extract the characteristic quantities that belong to the non-LSV and LSV states
separately from these bimodal cases, we select intervals that are representative of each of these
states. We then separately consider the averages in either of these intervals, as displayed in the
example in Figure 6.2a. As is clear from the figure, these averages capture the LSV state and
non-LSV state adequately across the whole run.

6.1.2 Shift of the LSV transition

In Figure 6.3, the low-Ra LSV transition is shown for the different aspect ratios. Although the
larger aspect ratios all clearly show the discontinuity that we found earlier, for the lower aspect
ratios this is more subtle. Judging from the average values in these series of runs, it may seem as
if the transition is smoothed out over a finite range of Ra. However, as we argued in Section 6.1.1,
these are the cases that show bimodal behavior. Hence, the system does not adopt a single value
at an intermediate point, but instead it jumps back and forth between an LSV and non-LSV state.
As Ra is increased, the time spent in the non-LSV state decreases and the time spent in the LSV
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(a)

(b) (c)

Figure 6.2: Bimodal behavior in the case with Ra = 6.2 × 106 and Γ = 1.6. Panel (a): time
series of the characteristic quantities based on kinetic energy. Light transparent lines denote the
instantaneous values, while for the opaque lines a moving average window of 90 convective time
units is applied to suppress fluctuations for readability. Gray areas depict the averaging intervals
for the LSV state (left gray area) and the non-LSV state (right gray area) for this example case.
The corresponding averages of Q2D(K = 1) are denoted by the horizontal black lines (solid), along
with the standard deviation (dashed). Panel (b) and (c): snapshots of kinetic energy in the 2D
flow at instances t = 0.65× 104U−1H (b), exemplary for the LSV state, and t = 1.06× 104U−1H
(c), exemplary for the non-LSV state, marked by the black stars in (a).

state increases, until the latter become the only stable state and the system becomes unimodal
again at all practical time scales. The averages associated with the LSV and non-LSV states in
the bimodal cases are depicted by the filled diamonds. As can be observed from the figure, these
line up very well with the branches of the pure LSV states and pure non-LSV states, supporting
our arguments on the origin of this bimodality.

We therefore argue that in fact, the nature of the LSV phase transition does not change with
the aspect ratio: for all aspect ratios considered, the transition still remains discontinuous and
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first-order. Only at lower aspect ratios, the barrier that separates both states becomes smaller
such that it can be crossed back and forth on realizable time scales for a finite range of Ra, but
the two states remain distinctly separated.

Nonetheless, quantitative differences in the various characteristic quantities for the different
aspect ratios can be observed. We can understand these dependencies on Γ from simple scaling
arguments. Since the dominant saturation mechanism in our simulations is the viscous condensate
mechanism (see Appendix A), we will assume a balance between the inverse energy flux εinv (which
we can understand as εinv ≈ Tbc + Tbt) and dissipation from the LSV. For an inverse energy flux
that is independent of the aspect ratio (as we observe in Figure 6.3c and 6.3d), this gives

εinv ∼ ν
(
ULSV

D

)2

⇒ U2
LSV ∼ D2 ∼ Γ2, (6.1)

where we used ULSV to denote the typical velocity in the LSV. This recovers the ∼ Γ2 scaling
that we observed in Figure 6.1 and explains the differences between the different aspect ratios
in Figure 6.3a. For the typical vorticity in the LSV ωLSV, we argue that this scales as the eddy
turnover frequency of the LSV, resulting in

ωLSV ∼
√
U2

LSV/D ∼
√
U2

LSV︸ ︷︷ ︸
∼Γ

/Γ independent of Γ. (6.2)

This explains why the vorticity statistics line up well for the different aspect ratios in Figure 6.3b.
The smallest aspect ratio Γ = 1.6 shows some minor quantitative deviations from the other aspect
ratios, suggesting that this aspect ratio is not quite large enough to recover the LSV to full extent.

Figure 6.3a also provides a clue towards the physical understanding of the low-Ra transition.
At this transition, the LSV is known to form once sufficient turbulent forcing is achieved to set up a
stable upscale transport into the LSV [29, 39]. Figure 6.3a makes this argument more quantitative,
suggesting that there is some threshold value near Q∗2D(K = 1) ≈ 2 across all aspect ratios for the
(long-time averaged) energy in the 2D K = 1 mode that needs to be crossed from the non-LSV
regime (the alternating jets, see Section 4.1), into the LSV regime. Somewhat handwavingly, one
can regard this as a minimum mean LSV energy, before it becomes sufficiently favorable for the
LSV to break through the background 3D turbulence.

Finally, we address the question how the LSV transition extends to very large aspect ratios,
that are typical for geophysical and astrophysical flows. We note that as Γ increases, the transition
slightly shifts to lower Ra, increasing the domain of existence of the LSV. As the transition shifts
to lower Ra, the discontinuity in Tbc and Qω,2D(K = 1) becomes smaller, while the discontinuity in
Tbt remains less affected. On the other hand, the discontinuity in the energetic content of the LSV,
quantified through Q2D(K = 1), increases as the domain size grows, because dissipation from the
LSV becomes less and less effective as the width of the LSV increases. Whether the discontinuity
in Tbc and Qω,2D(K = 1) vanishes entirely in the limit Γ → ∞ (which would happen between
Ra = 4×106 and Ra = 5×106 based on the extrapolation of the LSV state branch in our findings),
or whether the discontinuity saturates before it reaches that point, can not be concluded from our
results. In this limit however, the kinetic energy in the LSV would simultaneously diverge, so it
seems realistic to expect that in physical practice, the LSV may somehow be saturated at a finite,
albeit large, scale before this limit is reached. The possible existence of such a finite (practical)
limit of the size of the LSV remains an open question for future work, which would involve the
study of LSV formation at increasingly high aspect ratios.
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(a) (b)

(c) (d)

Figure 6.3: The characteristic quantities for LSV formation based on the largest mode of 2D kinetic
energy (a) and vorticity (b) as well as baroclinic (c) and barotropic (d) energy transport into the
barotropic K = 1 mode as function of Ra near the low-Ra LSV phase transition at Ek = 10−4 and
Pr = 1 for varying aspect ratio, averaged over time after an equilibrium state has been reached.
Filled diamonds correspond with the LSV state and non-LSV state of the cases that show bimodal
behavior as detailed in Section 6.1.1.
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6.2 Extending to low Pr

Here, we cover a brief outlook on the changes to the LSV transition for fluids with low Pr. The
results in this section should be considered as preliminary and merely provide a starting point for
further exploration in this direction.

Unlike fluids at moderate and large Pr, for fluids with Pr < 0.68, before the onset of steady
convection, a regime of oscillatory convection is known to open up when crossing the critical Raoc ,
given by [18, 46, 55]

Raoc = 6

(
1
2π

2
)2/3

(1 + Pr)
1/3

(Ek/Pr)
−4/3

, (6.3)

while the corresponding characteristic wavelength is provided by [18, 46, 55]

L̃oc = 2 (1 + Pr)
1/3 (

2π4
)1/6

(Ek/Pr)
1/3

. (6.4)

We employ Pr = 0.1 at the same Ek = 10−4 that we used earlier, demanding for the aspect
ratio Γ = 10L̃oc ≈ 5.0. For the resolution, we use 512× 512× 144, which is the largest resolution
used in this work (see also Table 2.1). This is a consequence of the large aspect ratio and also
at this Pr, the Kolmogorov length is significantly smaller than the Batchelor scale (see equation
(2.20)), such that more refinement is needed to resolve the velocity field, while some computational
effort is ‘wasted’ on the overresolved temperature field. The first case that we consider is chosen
at Ra = 2× 105 ≈ 1.19Raoc just above the onset of oscillatory convection, shown in Figure 6.4. As
is clear from the figure, even this close to the onset, the flow shows a weak but evident imprint of
an LSV, as can be observed from the 2D (vertically averaged) flow. The LSV is superimposed on a
background of oscillatory convection, underpinning the robustness of the LSV formation process.
In Figure 6.5, we show results for Ra cases also at higher supercriticality. This shows how at these
higher Ra, the LSV grows to very large magnitudes with respect to the background flow, such
that the LSV here completely dominates the flow morphology. Note that the simulations are not
run to full equilibrium, because of the higher computational demands of these low Pr simulations.

0

(a) (b)

Figure 6.4: Snapshot of the Pr=0.1 case with Ra = 2× 105 ≈ 1.19Raoc directly above the onset of
oscillatory convection. While panel (a) shows the horizontal kinetic energy in the total flow, panel
(b) represents the horizontal kinetic energy in the 2D (vertically averaged) flow.
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(a) (b)

Figure 6.5: Panel (a): time series of the characteristic LSV quantity Q2D(K = 1) for the Pr = 0.1
cases at different Ra. Panel (b): snapshot of kinetic energy in the 2D flow for the case Ra =
10× 105, denoted by the black star in (a).

We thus find that the process of LSV formation survives in the flow regime of oscillatory
convection. Furthermore, the observation that LSV formation can already be observed directly
above the onset of oscillatory convection suggests that the low-Ra LSV transition vanishes for
these low Pr cases, or at least, it can not be distinguished from the transition of the onset of
oscillatory convection. This raises the question how we can understand why the low-Ra transition
would vanish for low Pr fluids. A systematic exploration of the influence of varying Pr on the
behavior of the LSV and its domain of existence may provide useful insights into this open question
in future studies. For example, is the low-Ra transition gradually lowered with decreasing Pr, or
is there a sharp change of the LSV behavior upon entering the oscillatory convection regime near
Pr ≈ 0.68? Also the exploration of the high-Ra LSV transition for low Pr fluids remains an open
question for future work, although this poses a larger computational demand.
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Conclusions and outlook

This thesis covers direct numerical simulations of rotating Rayleigh-Bénard convection on a laterally
unbounded periodic domain at Ek = 10−4 and Pr = 1. For a limited range of Ra, this system is
known to develop an inverse energy flux, leading to accumulation of kinetic energy at the largest
scales of the system and ultimately to condensation into a domain-filling vertically coherent Large-
Scale Vortex (LSV). This is a consequence of the high rotation rate, suppressing vertical variations
of the velocity field, such that the flow does not only cascade kinetic energy to the smallest scales,
as is known from 3D turbulence, but also transports part of the injected energy upscale into the
largest modes of the system, akin to 2D turbulence.

The focus of this work is to analyze the nature of the phase transitions of the flow between
the non-LSV state and the LSV state. Upon increasing Ra from the point of onset of convection,
two LSV transitions are crossed (see Figure 1.3). At the low-Ra transition, the LSV is known
to be formed as a sufficient amount of turbulent forcing is obtained, whereas at the high-Ra
transition, the LSV breaks down as flow becomes insufficiently rotationally constrained, breaking
the quasi-2D conditions for the upscale energy flux [29, 39].

To analyze these phase transitions, we consult tools of equilibrium statistical mechanics.
Specifically, we seek characteristic quantities, measuring the strength of the LSV, that can act
as the order parameter of the LSV phase transition. We consider quantities based on the vertical
coherence of kinetic energy and axial vorticity of the flow, as well as quantities based on transport
of kinetic energy into the LSV. To quantify the latter, we calculate time-averaged scale-to-scale
energy transfer maps. Since these are inherently highly fluctuating quantities, our time-averaging
approach in particular provides a detailed insight in the energetic transport within the system.

Comparing the different characteristic quantities, we find that, although ratios based on kinetic
energy and vorticity yield a qualitatively very similar picture, analyses based on kinetic energy
provide quantitatively the strongest diagnostics: the kinetic energy in the vertically coherent LSV
can be more than 12 times that of the background 3D turbulence. Arguably, the ratio between
the K = 1 mode of the 2D kinetic energy and the 3D horizontal kinetic energy (referred to as
Q2D(K = 1)), is the most selective characteristic quantity, getting closest to zero in the non-LSV
state as it picks out only the largest scale contributions. We find furthermore that the transport of
energy from 3D baroclinic modes to the 2D barotropic K = 1 mode forms the largest contribution
to the energetic forcing of the LSV and it is therefore also a clear diagnostic of LSV formation.

In order to sensitively probe the LSV phase transitions, we locally cluster our simulations near
the transitions, varying Ra down to around 1% between consecutive cases closest to the transitions.
Figure 7.1 summarizes the different components of kinetic energy as well as the energetic transport
into the barotropic K = 1 mode that we find for the runs in this work combined.

For both transitions, we find a discontinuity at the LSV transition, observed from the quantities
based on kinetic energy and vorticity, as well as from the energetic upscale transport into the largest
mode. For the high-Ra transition, we find that the phase transition is hysteretic. This is consistent
with the results of Favier et al. (2019) [27], who showed a bistability of a non-LSV state and an
LSV state for one case in this parameter range.
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(a) (b)

Figure 7.1: The different components of kinetic energy (a) and energetic transport into the
barotropic K = 1 mode (b) as a function of Ra covering the runs in this work combined, at
Ek = 10−4 and Pr = 1, averaged over time after an equilibrium state has been reached. Filled
squares denote the upper hysteretic branch of the high-Ra transition, while open diamonds denote
the lower hysteretic branch. The cyan dashed-dotted line denotes the low-Ra LSV transition,
while the magenta and red lines denote the LSV transition of the lower and upper branch of the
high-Ra transition, respectively.

Zooming in on the low-Ra transition, we note that just below the transition, a type of flow
can be observed in the 2D field that shows two opposite jets, emerging alternatingly in the x-
and y-direction. This alternating jets state shows much phenomenological similarity with the
unidirectional jets state that is observed in anisotropic rectangular domains [38, 47]. To our
knowledge, no similar jets states have been reported before in square domains. We hypothesize
that the alternating jets emerge from the same mechanism as the LSV and can be regarded as an
early underdeveloped manifestation of the LSV transition, where the energy in the large-scale 2D
flow is not sufficient to stably sustain a full LSV.

From time series of the different characteristic quantities of the LSV, we observe that in the
cases just above the low-Ra transition, the LSV growth is not trivial. The flow appears to plateau
for a certain amount of time in a non-LSV state that shows morphological similarity with the
alternating jets state, before suddenly growing relatively rapidly into the stable LSV state. In
order to unveil the exact dynamics with which the flow transitions from the non-LSV state towards
an LSV state, we carry out an ensemble of 100 runs at Ra = 6×106 with stochastically perturbed
initial conditions. We find with large statistical significance that the waiting time that is spent in
the plateau state closely follows an exponential distribution, indicative of nucleation and growth
type of dynamics. In an equilibrium statistical mechanics context, we can interpret this as a “free
energy” or configurational likelihood barrier, separating the non-LSV and LSV states. Turbulent
fluctuations then have to coincidentally “work together” to cross this barrier and trigger the LSV
growth.

To substantiate the notion of this effective “free energy” landscape, we compare our findings
with a reduced Langevin model. This describes the evolution of the LSV order parameter through
a 1D potential and Gaussian stochastic fluctuations. By comparing this model with our DNS
results, we can extract the double well potential that we hypothesized, its minima representing the
non-LSV and LSV states, separated by a barrier. As an ultimate validation step of this model, we
perform Monte Carlo simulations of this Langevin equation and find that it closely reproduces the
archetypical sudden growth behavior from a plateau state as well as the exponential distribution
of waiting times. This underpins the adequacy of the analogy of our description in terms of the
“free energy” or configurational likelihood landscape.
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CHAPTER 7. CONCLUSIONS AND OUTLOOK

Observing the different scale-to-scale energy transfer properties throughout the LSV transitions,
we find that at the low-Ra transition, there is only a redistribution of energetic transport away
from intermediate scales towards the largest scale of the system, keeping the total 3D to 2D forcing
continuous throughout this transition. At the high-Ra transition, on the other hand, we find that
both the transport into the barotropic K = 1 mode, as well as the total 3D to 2D energetic
transport show a discontinuity at the transition as Ra is increased and the quasi-2D constraint
of the flow is gradually alleviated. We furthermore argue that the nature of the energy transfer
also holds the explanation why we observe hysteresis as well as nucleation and growth dynamics
in the LSV transition. As also identified in refs. [27, 81], the upscale transport into the LSV
is self-enhancing. Intuitively, one can argue that the LSV itself locally increases the combined
rotation of the flow vorticity and background rotation, thereby enhancing the upscale transport.
This mechanism can sustain the upscale energy flux up to higher Ra in the LSV forming upper
hysteretic branch, compared to the lower hysteretic branch that possesses no LSV and also lets
the LSV grow once it is “nucleated”.

Judging from the discontinuities across the transitions, the nucleation and growth type of
dynamics found near the low-Ra transition and the hysteresis loop in the high-Ra transition, we
can evidently conclude that both boundaries of the domain of existence of the LSV are subcritical
and can be regarded as first-order phase transitions. Sharp transitions are rare in fluid turbulence,
although there are other examples of turbulent systems that have shown subcritical transitions
towards an LSV [3, 91, 100]. We have shown here that a discontinuous transition into the LSV
can even be encountered in a natural, broadband forced flow as rotating convection.

To understand how our findings extend to the very large domains that are relevant to many
geophysical and astrophysical settings, we vary the aspect ratio. We find that at low aspect ratios,
the flow becomes bimodal for a finite range of Ra near the transition and we argue that here, the
barrier that separates the non-LSV and LSV states is lowered such that it can easily be crossed
from either side within reasonable time scales, allowing the flow to hop back and forth between both
states. For increasing aspect ratios, on the other hand, we find that while the discontinuity across
the LSV transition in the upscale transport and 2D vorticity decreases, the discontinuity in the
energetic content of the LSV increases as viscous dissipation becomes less effective at increasingly
larger box size. This divergence of the LSV energy suggests that in a practical setting, the LSV
may saturate at a finite typical size, which is an interesting premise to explore in future work.

We also provide a brief outlook on how the LSV transition changes for low Pr fluids using
simulations at Pr = 0.1. Here, we show that the LSV survives in the regime of oscillatory
convection that is characteristic for these low Pr fluids, exhibiting the robustness of LSV formation.
Furthermore, we find LSVs directly above the onset of (oscillatory) convection, suggesting that
the low-Ra transition vanishes at this Pr. A more systematic exploration of the influence of Pr
on the LSV formation may provide useful insights in understanding how and why the domain of
existence of the LSV shows these qualitative changes as Pr is decreased.

Regarding various facets of the LSV transition observed in our work, we have drawn the
comparison with other LSV forming flow systems, highlighting the differences and similarities.
Some remarkable commonalities that we observe in the nature of the transition towards an LSV
with otherwise rather dissimilar flow systems (e.g. thin layer flow [91], or various artificially forced
rotating systems [3, 82, 100]), motivate the opportunity for the development of a single unifying
theory for the LSV transition with applicability across the full multitude of constrained turbulent
flow systems. Our findings may prompt to seek such a theory from a full bottom up statistical
mechanical treatment of this problem, as conjectured in refs. [4, 14].

Finally, another interesting avenue to explore in future work is the LSV behavior in confined
domains. Recent simulations have revealed the presence of an LSV in a confined domain, albeit in
a very different, spherical geometry, mimicking convection in a planetary core [58]. A complicating
factor in confined domains may be posed by the strong zonal flow that is observed at low Ek near
the vertical sidewall, known as wall modes [24, 28, 102]. Understanding how the LSV interacts
with the peculiarities of confined domains is particularly relevant to open up opportunities for
laboratory investigation of the LSV, especially now that it has been shown that the LSV can
persist also in systems with no-slip boundary conditions at the top and bottom plates [2].
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[10] R. Becker and W. Döring, Kinetische Behandlung der Keimbildung in übersättigten
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Appendix A

LSV saturation

In Section 3.1, we discuss the two possible saturation mechanism of the LSV that can balance the
upscale energy flux as identified by Seshasayanan and Alexakis (2018) [82]. On the one hand, the
rotating condensate mechanism balances the inverse energy flux by a downscale energy flux out of
the largest mode in the anti-cyclonic region due to breaking of the quasi-2D conditions. On the
other hand, the viscous condensate mechanism saturates the LSV by viscous forcing directly from
the largest mode of the flow field as velocities, and consequently also velocity gradients, grow to
be very large. See also Figure 3.3. Based on the morphology of the LSV, we anticipated that our
simulations are somewhere in between both regimes, where both mechanisms play a certain role in
the saturation of the LSV. Indeed, we find that there is an evident amount of viscous dissipation
directly from the LSV, while we also observe signs of the rotating condensate mechanism close to
the high-Ra transition, for example in Figure 5.3b, showing a small range of intermediate modes
Q that are net receivers of energy out of the K = 1 mode. In this Appendix, we aim to assess
which of the two is in fact the dominant saturation mechanism.1

The rotating condensate is known to be dominant as the eddy turnover time scale of the LSV
becomes of the order of the background rotation [1, 4, 82]. That way, the LSV locally cancels the
effect of the background rotation in the anti-cyclonic region. Using typical values for the magnitude
of velocity ULSV in the LSV, we find for the eddy turnover frequency ULSV/D ≈ 0.2UH−1, whereas
we have typical rotational frequencies between Ω ≈ (1 ∼ 2)UH−1, showing that the background
rotation is still around an order of magnitude stronger than the turnover frequency in the LSV.

This difference already suggests that the rotating condensate mechanism might not be the
dominant saturation mechanism in our simulations. To further confirm this assertion, we resort
to our measurements of the energy fluxes in the flow. Here, we face the problem that one can
only accurately measure the net energy flux to or from the LSV, albeit split out over baroclinic
and barotropic contributions. As a consequence, if there are energy fluxes both into and out of
the LSV that follow the same (baroclinic or barotropic) pathways, as is possibly the case in the
rotating condensate regime, this cannot be picked up and one only measures the net flux. We
can, however, focus on the growth phase of the LSV. During the growth phase, the saturation
mechanism will not yet have fully developed. Hence, we expect that for the viscous condensate
mechanism, the dissipation will gradually catch up with the upscale energy flux, while we expect
that for the rotating condensate mechanism, the net upscale energy flux into the LSV will decrease
as the LSV grows and spins up, akin to the flux loop mechanism that is discussed in ref. [4].

To that extent, we perform a run of the case Ra = 2.0×107 where we switch on the calculation
of kinetic energy transfer immediately from the start of the simulation. These results are shown in
Figure A.1a. We notice that the total transport into the 2D flow F2D as well as the baroclinic Tbc

and barotropic Tbt transport into the largest barotropic K = 1 mode do not decrease as the LSV
grows. Instead, we find an increase of these transport quantities throughout the growth phase,
which can be attributed to the self-enhancing effect of the LSV, discussed in Section 5.1. The

1Note that this Appendix uses tools and results that are laid out in Chapter 3 to 5, providing the full context
prior to reading this Appendix.
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(a) (b)

Figure A.1: Panel (a): Evolution of the kinetic energy transfer quantities as defined in equations
(3.11)-(3.13) in units of U3H−1 throughout the growth phase of the case Ra = 2.0 × 107. The
light transparent lines denote the instantaneous values, while for the opaque lines a moving
average window of 50 convective time units is applied to suppress the large fluctuations for
readability. Panel (b): The different components of kinetic energy as a function of Ro near
the high-Ra transition (upper hysteretic branch). The dashed line denotes the scaling ∼ Ro−2

that is characteristic for the rotating condensate mechanism [3, 82].

disparity between F2D and −D2D between t ≈ (1000 ∼ 1500)U−1H can be understood as the
dissipation gradually catching up with the upscale transport, allowing for the energetic growth of
the LSV, according to the viscous condensate mechanism.

Finally, we can make an additional argument when we resort to the scaling of kinetic energy in
the LSV as the Rossby number Ro is increased. In the rotating condensate mechanism, the kinetic
energy in the LSV is then conjectured to scale as ∼ Ro−2 [82], which is numerically confirmed
in ref. [3]. In Figure A.1b, we compare this scaling to our data near the high-Ra transition.
This shows that our simulations clearly do not adhere to the rotating condensate scaling ∼ Ro−2,
exhibiting that indeed, even the concavity is not matching.

Based on all aforementioned arguments, we thus expect that, although signs of both the
rotating condensate and viscous condensate mechanisms can be observed, the latter is evidently
the dominant saturation mechanism in the part of the parameter space that is covered in our
simulations.
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Appendix B

Scale-to-scale energy transport

In this work, we consider the scale-to-scale kinetic energy transport of barotropic-barotropic modes
and baroclinic-barotropic modes, as given, respectively, by

Tbt(K,Q) = −〈uK · (u ·∇uQ)〉, Tbc(K,Q) = −〈uK · (u′ ·∇u′Q)〉. (B.1)

These quantities can be calculated in real space or in Fourier space. The real space approach
involves Fourier transforming the velocity field, keeping only the components with horizontal
wavenumber K (or Q) and then backtransforming to real space, after which expressions (B.1) can
be evaluated directly using finite differences. In the Fourier space approach, on the other hand,
the convolution can be evaluated directly from the Fourier components, as [22]

〈uK · (u ·∇uQ)〉 =

K∑
k,l

Q∑
r,s

{ûkl(z)ûrs(z) + v̂kl(z)v̂rs(z) + ŵkl(z)ŵrs(z)} irû∗k+r,l+s(z)

+

K∑
k,l

Q∑
r,s

{ûkl(z)ûrs(z) + v̂kl(z)v̂rs(z) + ŵkl(z)ŵrs(z)} isv̂∗k+r,l+s(z)

+

K∑
k,l

Q∑
r,s

{
ûkl(z)

dûrs(z)

dz
+ v̂kl(z)

dv̂rs(z)

dz
+ ŵkl(z)

dŵrs(z)

dz

}
ŵ∗k+r,l+s(z),

(B.2)

where the asterisk ∗ is used to denote the complex conjugate and we used
K∑
k,l

≡
∑

K≤
√
k2+l2<K+1

as

a shorthand notation for the summation over ring-like shells of wavenumber K.
To analyze the kinetics of the LSV, we are particularly interested in the baroclinic and

barotropic transport towards the barotropic K = 1 mode. As discussed in the main text, the
total kinetic energy transport into the 2D K = 1 mode that is representative of the LSV can be
obtained by summing over the donating scales Q as

Tbt =
∑
Q

Tbt(1, Q), Tbc =
∑
Q

Tbc(1, Q). (B.3)

These specific expressions are particularly convenient to evaluate in real space, because the sum
over Q can be done implicitly, as

∑
Q uQ = u the unfiltered velocity field, owing to the linearity of

the Fourier transform. Hence, the calculation in real space of these quantities involves only a single
Fourier transform of the z-averaged flow field and no explicit sum over Q, whereas the Fourier
space approach inherently requires the sum over Q to be carried out explicitly and therefore also
requires a Fourier transform of the full 3D flow for the baroclinic forcing. As a consequence, the
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real space method for these specific quantities is numerically less expensive, which is important as
we want to get access to time-averaged results, averaging over many time instances.

However, as we will show, the kinetic energy transport statistics are very sensitive, highly
fluctuating quantities and therefore, we implement both methods to investigate the impact of any
numerical differences. An example of the resulting scale-to-scale energy transfer plot from a single
instantaneous snapshot of the flow for baroclinic-barotropic and barotropic-barotropic interactions
is shown in Figure B.1 for both the real space and Fourier space method.

(a) (b)

(c) (d)

Figure B.1: Example of scale-to-scale transport plots from an instantaneous snapshot of the flow
for baroclinic to barotropic transfer Tbt(K,Q) (a,c) and barotropic to barotropic transfer Tbc(K,Q)
(b,d) using the real space method (a,b) and the Fourier space method (c,d) in units of U3H−1 for
the LSV-forming case with Ra = 1× 107.
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It can be observed from Figure B.1 that, although both methods provide a similar overall
picture of the energetic transport, there are evident quantitative differences. Taking a closer look
at the barotropic self-interaction (b,d), we note that the upper triangle K > Q seems to agree
better with the Fourier approach than the lower triangle. A plausible explanation for this is that
the finite difference approximation in the gradient that is used in the real space method becomes
less accurate for smaller wavenumbers. Note furthermore, that the Fourier space method in (d)
better recovers the symmetry Tbt(K,Q) = −Tbt(Q,K), suggesting that this is indeed the more
accurate approach. Although we could artificially demand this symmetry from the real space
approach by calculating only the upper triangle and mirroring it in the diagonal, we can not apply
the same trick for the baroclinic to barotropic transport map as this does not have the same
intrinsic symmetry. We find quantitative differences between the Fourier space and real space
approach of around 10-40% typically, concentrated especially in the lower triangle.

To understand why the quantitative differences between both numerical approaches are so
substantial, we can regard the energetic forcing in the horizontal plane. Figure B.2 shows the
forcing of the barotropic K = 1 mode by the baroclinic and barotropic flow as described by
equations (B.3) in the z-averaged horizontal plane. Looking at the magnitude of the forcing
throughout the domain, we note that the amplitude of the forcing is much larger than the domain
average. Indeed, while the amplitude throughout the horizontal domain is O(10−2), the domain
average is typically O(10−5) for both the barotropic and baroclinic forcing. This amplifies any
relative numerical errors when calculating the domain average for the forcing.

Not only is the domain average very small compared to the spatial amplitude of the forcing,
also when regarding the energetic forcing as a function of time, we note that the signal to noise
ratio is low (see e.g. Figure 3.12). Although we find that a considerable part of the numerical
differences between the real space and Fourier space method are averaged out when considering
the temporal average, we still decide to adopt the presumably more accurate Fourier method as
our primary approach, in spite of its computational expense. Moreover, this gives us access to the
full transport maps, instead of only to the sums over the donating scales Q. Motivated by the
large fluctuations in time of the kinetic energy transport quantities, we implement this method in
the production code to be able to average over many time instances of the flow in order to obtain
statistically significant results, as explained in the main text.

Due to the computational expense of the calculation of the transport maps, we carefully choose
an interval of 0.5 convective time units for their consecutive calculation, because we find that
at this interval, consecutive transport maps are sufficiently decorrelated in order not to waste
computational effort. At this update rate, the relative computational expense of the calculation
of the transport maps in the production code is around 20-25%. Because this is still a substantial
amount, we only switch on their calculation once an equilibrium state has been obtained.

Finally, we apply a small correction to the scale-to-scale transfer when plotting (profiles of) the
transport maps, to account for the ring-like approximation in the discretization of the wavenumber
space. The binning of wavenumbers in our sum operator

∑
K≤
√
k2+l2<K+1 implicitly accounts for

the area in wavenumber space that is occupied by the ring of wavenumber K, i.e. the Jacobian in
the wavenumber integral that is approximated, see Figure B.3a. This binning, however, leads to
small differences with respect to the continuous analytical result. Figure B.3b shows the number
of binned modes in the Kth ring along with the continuous analytical result 2π(K + 1/2). We
therefore use 2π(K + 1/2)/#modes(K) as a small correction factor when plotting our transport
maps to mitigate the effect of the binning of the wavenumbers.
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(a) (b)

(c)

Figure B.2: Forcing of the barotropic K = 1 mode from baroclinic modes Tbc (a) and from
barotropic modes Tbt (b) throughout the horizontal domain using the real space method in units
of U3H−1 from a snapshot of the case with Ra = 1× 107. For reference of the LSV, (c) shows the
horizontal kinetic energy of the same snapshot.
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!

"

#
# + 1

(a) (b)

Figure B.3: An example of the binning of wavenumber into ring-like shells (a) as well as the
number of binned modes #modes(K) and the exact result 2π(K + 1/2) along with the correction
factor 2π(K + 1/2)/#modes(K) as a function of the wavenumber K (b).
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Appendix C

Evolution of 2D kinetic energy

In this Appendix, we derive a dynamical equation for the evolution of the kinetic energy in the
2D flow. We start with the momentum balance of our system, equation (2.5b),

∂u

∂t
+ (u ·∇)u = −∇P + ν∇2u + gα(T − T0)ez − 2Ω× u. (C.1)

Substituting in the decomposition u = u + u′, yields

∂(u + u′)

∂t
+ (u + u′) ·∇(u + u′) = −∇P + ν∇2(u + u′) + gα(T − T0)ez − 2Ω× (u + u′). (C.2)

We then proceed to take a vertical average of this equation, keeping in mind that u = uex + vey
and u′ = u′ex+v′ey+wez, such that the x- and y-components of the vertical average of u′ vanish
but the z-component need not, giving

∂(u + wez)

∂t
+u ·∇u+wez ·∇u+u ·∇wez +u′ ·∇u′ = −∇P +ν∇2(u+wez) + gα(T −T0)ez

− 2Ω× (u + wez), (C.3)

where we employed the linearity of the gradient operator to rewrite e.g. ∇P = ∇P and verbatim
for the velocity gradients.

The term wez ·∇u must now vanish, because u has no vertical gradient and we can rewrite
our equation as

∂(u + wez)

∂t
+u ·∇(u+wez) = −u′ ·∇u′−∇P +ν∇2(u+wez)+gα(T −T0)ez−2Ω×(u+wez).

(C.4)
Next, we take the inner product of this equation with u, yielding

∂
(

1
2 |u|

2
)

∂t
+ u · ∂ (wez)

∂t
+ u · (u ·∇(u + wez)) = −u · (u′ ·∇u′)− u ·∇P + νu · ∇2(u + wez)

+ gα(T − T0)u · ez − 2u · (Ω× (u + wez)). (C.5)

The last two terms in this equation must then vanish, because u has no vertical component by
definition and the cross product in the last term always produces a vector that is perpendicular to
u. In the same vein, u · ∂(wez)/∂t and u · (u ·∇(wez)) and νu · ∇2(wez) must also vanish. Then
taking a horizontal average of this equation and noting that E2D = 1

2 〈|u|
2〉 is the kinetic energy

in the 2D flow gives

dE2D

dt
+ 〈u · (u ·∇u)〉 = −

〈
u · (u′ ·∇u′)

〉
−
〈
u ·∇P

〉
+ ν

〈
u · ∇2u

〉
. (C.6)
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We can rewrite 〈u ·∇P 〉 = 〈∇ · (Pu)〉 − 〈P∇ · u〉 and see that is must be identically zero, since
the first term on the right hand side vanishes using Gauss’s theorem due to the periodic boundary
conditions and the second term vanishes by taking the horizontal average of the incompressibility
condition, equation (2.5a). Likewise, we rewrite 〈u ·(u ·∇u)〉 = 1

2 [〈∇ ·((u ·u)u)〉−〈(u ·u)(∇ ·u)〉],
which also yields zero as again, the first term vanishes with Gauss’s theorem due to periodic
boundary conditions and the second term vanishes due to the incompressibility of the flow. Indeed,
it describes the net total forcing of the barotropic flow by the barotropic flow and can thus never
yield a non-zero contribution, as it can only encompass a redistribution of kinetic energy among
different barotropic scales. This brings us to the final result,

dE2D

dt
= ν

〈
u · ∇2u

〉
−
〈
u · (u′ ·∇u′)

〉
, (C.7)

showing that the evolution of the 2D kinetic energy is governed by viscous dissipation and
baroclinic forcing of the barotropic flow.
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Appendix D

Error analysis

In this Appendix, we discuss the method for error analysis of the several quantities in this work
that are averaged over time, such as the LSV characteristic quantities.

We start by re-sampling the quantity into an equispaced time series, conserving the total
amount of samples in the original signal that the production code has output, eliminating any
non-uniformity in the time series arising from the dynamic timestepping. We then proceed to
calculate the temporal autocorrelation AXX(∆t) of the quantity X(t), given by

AXX(∆t) = E [(X(t)− µ(X)) (X(t+ ∆t)− µ(X))] , (D.1)

where E[...] denotes the expectation value and µ(X) is the time-average of X(t). For our discrete
signal X(tn) with tn the time point, this yields

AXX(∆t) =
1

N

∑
n

(X(tn)− µ(X)) (X(tn + ∆t)− µ(X)) , (D.2)

whereN is the total number of time points. The autocorrelation indicates the similarity (correlation)
within the quantity between two different time points separated by ∆t. An example of the
autocorrelation function for one of the characteristic quantities is provided in Figure D.1.

Figure D.1: The autocorrelation function of the characteristic quantity Q2D for the case Ra = 107.
The dashed line indicates the decorrelation time.

We then calculate the first zero-crossing of the autocorrelation function and term this the
decorrelation time. The number of decorrelation times Ndecor within the equilibrium time window
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over which the average is calculated is then regarded as the amount of independent measurements
of the quantity and we use that to estimate the error. This is done by calculating the standard
deviation σX of the quantity and finally considering

SX =
σX√
Ndecor

, (D.3)

as the uncertainty of the time-average of quantity X [90].
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List of symbols

Meaning of notations used throughout this thesis.

.̃ Non-dimensionalized quantity (in convective units)
〈...〉 Average over entire spatial domain
... Average over vertical (z) direction
[...]x, [...]y Average over x- or y-direction (only Section 4.1)
.̂ Fourier component

Meaning of symbols used throughout this thesis, in order of first appearance.

Chapter 1

Ra Rayleigh number, strength of buoyancy
Ek Ekman number, inverse strength of rotation
Pr Prandtl number, (diffusive) fluid properties

Section 2.1

(x, y, z) Cartesian coordinates
(ex, ey, ez) Cartesian basis vectors
Ω,Ω Vectorial and scalar background rotation rate
g Gravitational acceleration
H Domain height
Th, Tc Temperature at domain bottom and top
u Velocity field
(u, v, w) Cartesian components of velocity field
T Temperature field
p Pressure field
t Time
D Domain width
ρ0, T0 Reference density and temperature
α Thermal expansion coefficient
cp Heat capacity
κ Thermal diffusivity
k Thermal conductivity
P Reduced pressure
ν Kinematic viscosity
f General volumetric acceleration
q General vector
I,R Inertial frame and co-rotating reference frame
r Position vector
a Acceleration vector
Fr Froude number, strength of centrifugal force
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U Free-fall velocity scale
∆T Temperature difference between domain bottom and top
Ro (Convective) Rossby number, alternative inverse strength of rotation
Ta Taylor number, alternative strength of rotation
Γ Aspect ratio of domain
Nu Nusselt number, strength of total heat transport
q Average total heat transport
qconv, qcond Convective and conductive heat transport
τc, τν Convective time unit and viscous time unit

Section 2.2

L̃c (Dimensionless) most unstable wavelength for onset of steady convection
η, ηT Kolmogorov length and Batchelor length
ε̃ (Dimensionless) kinetic energy dissipation rate
∆ Vectorial local grid spacing
(∆x,∆y,∆z) Cartesian components of local grid spacing

Section 3.1

ωz Axial vorticity field
W Okubo-Weiss parameter
σ Strain
u Barotropic (2D) flow field
u′ Baroclinic (3D) flow field
Etot Total kinetic energy
E2D, E

H
3D, E

V
3D Barotropic, horizontal baroclinic and vertical baroclinic kinetic energy

ûkxky (z) Horizontal Fourier component of flow field
kx, ky Horizontal wavenumber components
K Magnitude of horizontal wavenumber, normalized by 2π/D

Êtot(K) Total kinetic energy spectrum

Ê2D(K), Ê3D(K) Barotropic and baroclinic kinetic energy spectrum
Tbc(K,Q) Baroclinic to barotropic energy transfer from mode Q to mode K
Tbt(K,Q) Barotropic to barotropic energy transfer from mode Q to mode K
uK K-mode Fourier filtered velocity

Section 3.2

γ Ratio between total and 3 times vertical kinetic energy
Qhor Characteristic quantity based on horizontal kinetic energy
EH Total horizontal kinetic energy
bzz zz-component of anisotropy tensor
Q2D Characteristic quantity based on 2D kinetic energy
Q2D(K = 1) Characteristic quantity based on largest mode of 2D kinetic energy
Qω,2D Characteristic quantity based on 2D axial vorticity

ω̂z(K) Spectrum of 2D axial vorticity
Qω,2D(K = 1) Characteristic quantity based on largest mode of 2D axial vorticity
D2D,F2D Total dissipation and forcing of barotropic (2D) flow
Tbc Total transport from baroclinic modes to the barotropic K = 1 mode
Tbt Total transport from barotropic modes to the barotropic K = 1 mode

Continued on next page
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Section 4.1

αRMS Anisotropy parameter based on full root mean squared velocities
α2D,RMS Anisotropy parameter based on 2D root mean squared velcoties
α2D,|| Anisotropy parameter based on directionally averaged 2D velocities

Section 4.2

tW Waiting time spent in underdeveloped plateau state
PDF (tW ) Probability distribution function of waiting time tW
CDF (tW ) Cumulative distribution function of waiting time tW
τW Typical waiting time
E∗ Threshold horizontal kinetic energy definition for LSV formation
tLSV Timepoint at which LSV is said to have stably formed
t0 Contribution of initialization, growth and stable LSV stages to tLSV

µ(tW ), µ(tLSV) Mean waiting time and mean LSV time

Intermezzo

V (Q) Potential in Langevin model, representing the “free energy” landscape
B(Q) Diffusion coefficient in Langevin model, representing turbulent fluctuations
Q General characteristic quantity (order parameter)
∆W (t) Gaussian fluctuation at time t
δt,t′ Kronecker-delta between t and t′

p(Q, t|Q′, t′) Probability of evolution from Q(t′) = Q′ at time t′ to Q(t) = Q at time t
A(Q) Derivative (quasi-force) of potential
δ(.) Dirac-delta function
QMC(t) Monte-Carlo run obtained from Langevin model
tMC
LSV, t

MC
W , µ(tMC

W ) Monte-Carlo equivalents of tLSV, tW , µ(tW )

Section 6.1

εinv General typical inverse energy flux (≈ Tbc + Tbt)
ULSV General typical velocity scale in LSV
ωLSV General typical vorticity in LSV

Section 6.2

Raoc Critical Ra for oscillatory convection

L̃oc (Dimensionless) most unstable wavelength for onset of oscillatory convection

Appendix D

AXX Temporal autocorrelation of X(t)
X(t) General time-dependent quantity
µ(X) Temporal mean of X
tn nth time point of discretized time
N Total number of time points tn
Ndecor Number of decorrelation times within timeseries
σX Standard deviation of X
SX Uncertainty (standard error) in X
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